On Some Operations on Classes of Bialgebras

George Voutsadakis

Department of Mathematics and Physical Science Laboratory, New Mexico State University, Las Cruces, NM 88003, U.S.A.

Abstract

Let Set be the category of small sets and F, G two endofunctors on Set. An ⟨F, G⟩- bialgebra A = ⟨A, α⟩ consists of a set A and a mapping α : F (A) → G(A). Given two operations R and Q on classes of ⟨F, G⟩-bialgebras, QR is their set-theoretic composition. Moreover R ≤ Q is defined to mean that, for every class K of ⟨F, G⟩- bialgebras, R(K) ⊆ Q(K). ≤ is a partial ordering on the class of all operations on classes of bialgebras. Special cases of bialgebras include universal algebras and coalgebras. The result obtained by Pigozzi on the structure of the partially ordered monoid of operations on classes of algebras generated by the operations of taking homomorphic images, subalgebras and direct products is shown to hold for the corresponding monoid of operations on classes of bialgebras under the assumption that G preserves products and pullbacks. The result obtained by Mašulović and Tasić on the partially ordered monoid of operations on classes of coalgebras generated by the operations of taking subcoalgebras, homomorphic images and sums is also shown to hold for the corresponding monoid of operations on classes of bialgebras under the assumption that F preserves coproducts and pushouts. The generalized framework also allows the formulation of many more problems and some of these are suggested in the closing section for further research.

To Don Pigozzi on the occasion of his 65th birthday.

1 Introduction

One of the best known results in universal algebra is Birkhoff’s HSP-theorem, which states that a class of algebras is closed under the operations H, S and P of taking homomorphic images, subalgebras and products, respectively, if and

0 1991 Mathematics Subject Classification 18D99, 08Bxx, 08A70 Key words and phrases. coalgebras, algebras, closure operators, products, sums, subcoalgebras, subalgebras, homomorphic images, operations on classes of coalgebras, operations on classes of algebras, poset of operations, covarieties, varieties

Preprint submitted to Elsevier Preprint 22 September 2000 only if it is equationally defined, i.e., if and only if there exists a set of equations over the type of the class that is satisfied by exactly the algebras of the class (see, e.g., [1], Theorem II.11.9, or [8], Theorem 4.131). These classes are called varieties. Set-theoretic composition of operators on classes of algebras is a binary operation on the class of all operators. Moreover, a natural ordering ≤ on operators on classes of algebras may be defined by stipulating that, given two operators R and Q, R ≤ Q means that, for all classes K of algebras, R(K) ⊆ Q(K). Starting from Birkhoff’s result on varieties, Don Pigozzi [9] investigated the structure of the partially ordered monoid of the operations on classes of algebras generated by the operations H, S and P. He showed that there are 18 different operations and that their partial ordering is the one given in Figure 1.

Recently, categorical structures dual to algebras, called coalgebras, have been defined and extensively used in theoretical computer science for the specification of data structures and programming languages and as a formalism in which models of computation may be developed (see, e.g., [11–14]). In universal coalgebra, the role of products is assumed by sums. So closure of classes of algebras with respect to the operations of taking homomorphic images, subalgebras and direct products is translated in the domain of coalgebras as closure of classes of coalgebras with respect to the operations S, H and Σ of taking subcoalgebras, homomorphic images and sum coalgebras, respectively. Thus, keeping Pigozzi’s result in mind, it is only natural to ask in the coalgebraic framework for the structure of the partially ordered monoid of operations on classes of coalgebras generated by S, H and Σ. The composition and ordering in this monoid are defined as for algebras. The structure of this monoid has been investigated by Mašulović and Tasić [7], who showed that the monoid contains 13 operations and its partial order is the one shown in Figure 2.

A common generalization of algebra and coalgebra , called bialgebra, has been introduced and studied in [15]. Bialgebras also include partial algebras and multi-algebras, that have been studied in universal algebra in parallel with ordinary algebras and have also been used in theoretical computer science as models of nondeterminism and parallelism (see, e.g., [2] and [6]). Bialgebras, once thoroughly developed, have the potential for an even wider applicability since they generalize algebras, multi-algebras and coalgebras that have already proven very useful in several applications. Let Set be the category of small sets and F, G : Set → Set be two endofunctors on Set. An ⟨F, G⟩-bialgebra A = ⟨A, α⟩ consists of a set A and a mapping α : F (A) → G(A). A bialgebra homomorphism h : A → B from a bialgebra A = ⟨A, α⟩ to a bialgebra B = ⟨B, β⟩ is a set mapping h : A → B, such that the following rectangle commutes

G(A) G(B) G(h)

F (A) F (B) F (h) α β

The notions of a subbialgebra and a homomorphic image of a bialgebra make sense for bialgebras. The same holds for the notions of product and sum although these may not always exist as they do for universal algebras and coalgebras, respectively. However, appropriate conditions may be imposed on the functors F and G, so as to force the existence of products and/or sums. If these conditions are imposed, it is natural to ask about the structure of the partially ordered monoid of operations on classes of bialgebras that is generated by the operations of taking subbialgebras, homomorphic images, products and/or sums. In this paper, the aforementioned results of Pigozzi on algebras and Mašulović and Tasić on coalgebras are generalized in the case of bialgebras to give a partial answer to the question. Namely, it is shown that, if G preserves products and pullbacks, then the partially ordered monoid of operations on classes of ⟨F, G⟩-bialgebras generated by the operations H, S and P coincides with the partially ordered monoid of Pigozzi and, if F preserves coproducts and pushouts, then the partially ordered monoid of operations on classes of bialgebras generated by the operations S, H and Σ coincides with the partially ordered monoid of Mašulović and Tasić. Some of the more general cases in which, either no conditions are imposed on the functors F and G, or all four operations are considered simultaneously, with or without conditions on F or G, are left open for further research.

2 Basic Notions

Let Set be the category of all small sets and F, G : Set → Set two endofunctors on Set. An ⟨F, G⟩-bialgebra A is a pair A = ⟨A, α⟩, where A is a set and α : F (A) → G(A) is a set function. An ⟨F, G⟩-bialgebra homomorphism h : A → B from a bialgebra A = ⟨A, α⟩ to a bialgebra B = ⟨B, β⟩ is a mapping h : A → B, such that the following diagram commutes

G(A) G(B) G(h)

F (A) F (B) F (h) α β

Identity set morphisms are bialgebra homomorphisms and so is the composition of two homomorphisms. Thus, the collection of all ⟨F, G⟩-bialgebras with bialgebra homomorphisms between them forms a category, called the category of ⟨F, G⟩-bialgebras and denoted by Set^F_G. Bialgebras were introduced in [15] as a construct unifying universal algebras and coalgebras and several of their elementary properties were investigated.

In what follows, use will be made of the underlying set forgetful functor U : Set^F_G → Set. This is the functor that sends an ⟨F, G⟩-bialgebra A = ⟨A, α⟩ to its underlying set A and an ⟨F, G⟩-bialgebra homomorphism h : A → B to the underlying set mapping h : A → B.

Given a family A_i = ⟨A_i, α_i⟩, i ∈ I, of ⟨F, G⟩-bialgebras, their product ∏ i∈I A_i is defined to be their product in the category Set^F_G, if this product exists. Similarly, their sum ∑ i∈I A_i is defined to be their coproduct or sum in Set^F_G if it exists. In [15], the following sufficient conditions were given for the existence of limits and colimits in terms of properties of the functors F, G: Theorem 1 U : Set^F_G → Set creates and preserves all types of limits that G : Set → Set preserves.

Theorem 2 U : Set^F_G → Set creates and preserves all types of colimits that F : Set → Set preserves.

In particular, if G preserves products, then all products in Set^F_G exist and are created and preserved by U, and, if F preserves sums, then all sums in Set^F_G exist and are created and preserved by U.

An ⟨F, G⟩-bialgebra B = ⟨B, β⟩ is a subbialgebra of the bialgebra A = ⟨A, α⟩, denoted B ≤ A, if B ⊆ A and the inclusion map i : B → A is a homomorphism

G(B) G(A) G(i)

F (B) F (A) F (i) β α

B = ⟨B, β⟩ is a homomorphic image of A = ⟨A, α⟩ if there exists a surjection h : A ↠ B, such that h : A → B is a homomorphism.

Given a class K of ⟨F, G⟩-bialgebras, by P(K) will be denoted the class of all bialgebras isomorphic to a product of bialgebras in K, by Σ(K) the class of all bialgebras isomorphic to a sum of bialgebras in K, by S(K) the class of all bialgebras isomorphic to a subbialgebra of a bialgebra in K and, finally, by H(K) the class of all bialgebras that are homomorphic images of bialgebras in K. K will be said to be closed under P, Σ, S or H if P(K) ⊆ K, Σ(K) ⊆ K, S(K) ⊆ K or H(K) ⊆ K, respectively.

The following lemma holds (see also [1], Section 9, [3], Lemma 7.2, and [4], Lemma 2.7)

Lemma 3 P, Σ, S and H are closure operators, i.e., for all classes K, K_1, K_2 of ⟨F, G⟩-bialgebras and all O ∈ {P, Σ, S, H},

1 K ⊆ O(K) 2 K_1 ⊆ K_2 implies O(K_1) ⊆ O(K_2) 3 O(K) = O(O(K))

Proof:

1 This is straightforward since, given a bialgebra A = ⟨A, α⟩, A is the product and coproduct of the set {A} and, also, it is a subbialgebra and a homomorphic image of itself via the identity map.

2 This follows directly from “set-theoretic” considerations. 3 For S and H the statement follows by the fact that the composition of two injections is an injection and the composition of two surjections is a surjection. We prove the statement for P. The proof for Σ is similar. Suppose that A = ⟨A, α⟩ ∈ P(P(K)). Then, there exist A_i = ⟨A_i, α_i⟩ ∈ P(K), such that A ∼= ∏ i∈I A_i with projections π_i : A → A_i, i ∈ I, and, for each i ∈ I, there exist A_{ij} , j ∈ J_i, such that A_i ∼= ∏ j∈J_i Aij with projections π_{ij} : A_i → A_{ij}, i ∈ I, j ∈ J_i. It is not difficult to check, then, that A ∼= ∏ i∈I,j∈J_i Aij with projections π ′ ij = π_{ij} ∘ π_i, i ∈ I, j ∈ J_i.

A A_i π_i

B p p_i

A_{ij} π_{ij}

p_{ij}

For any bialgebra B and family of homomorphisms p_{ij} : B → A_{ij}, i ∈ I, j ∈ J_i, the universal mapping property of A_i gives a collection of uniquely determined morphisms p_i : B → A_i, i ∈ I, and the universal mapping property of A gives a unique morphism p : B → A. ■

3 H, S and P

In this section, the structure of the partially ordered monoid generated by the operations H, S and P of taking homomorphic images, subbialgebras and product bialgebras on classes of ⟨F, G⟩-bialgebras is investigated. The multiplication operation of the monoid is the composition operation and the identity is the identity operator I on classes of bialgebras. The ordering is defined, for all operations O_1, O_2 on classes of bialgebras, by

O_1 ≤ O_2 if and only if, for every class K of ⟨F, G⟩-bialgebras, O_1(K) ⊆ O_2(K).

Since, in general, products may not exist in Set^F_G and in view of Theorem 1, we will restrict our attention to the special case in which the functor G : Set → Set preserves products and pullbacks. We will show that, in this case, the partially ordered monoid is identical to the partially ordered monoid of operators on classes of universal algebras generated by the operators of taking homomorphic images, subalgebras and direct products, that was obtained by Don Pigozzi ([9], Theorem 2). This result generalizes the result of Pigozzi, since algebras are special cases of bialgebras in which the functor F : Set → Set is the functor Σ^∗, studied in [10], Section 2.1, and G : Set → Set is the identity functor on Set, which preserves products and pullbacks.

Lemma 4 Let K be an arbitrary class of ⟨F, G⟩-bialgebras and suppose that G preserves products and pullbacks. Then

1 SH ≤ HS 2 PH ≤ HP 3 PS ≤ SP

Proof:

1 Suppose that A = ⟨A, α⟩ ∈ S(H(K)). Then, there exists a bialgebra B ∈ K, a surjective homomorphism h : B ↠ C and an injection i : A → C.

A C i

B h

Since G preserves pullbacks, by Theorem 1, the pullback in Set

A C i

D B π_2

π_1 h

may be lifted to to a pullback in Set^F_G

A C i

D B π_2

π_1 h

and π_1 : D → A is surjective and π_2 : D → B is injective. Thus, since B ∈ K, A ∈ H(S(K)) and SH ≤ HS.

2 Suppose that A = ⟨A, α⟩ ∈ P(H(K)). Then, there exists a collection A_i ∈ K and surjective homomorphisms h_i : A_i ↠ B_i, such that A = ∏ i∈I B_i, with projections π_i : A → B_i, i ∈ I.

∏ i∈I B_i B_iπ_i

A_i h_i

Since G preserves products, by Theorem 1, the product ∏ i∈I A_i exists in Set^F_G. Denote by σ_i : ∏ i∈I A_i → A_i, i ∈ I, its projections.

A = ∏ i∈I B_i B_iπ_i

∏ i∈I A_i A_iσ^i f h_i

Then, by the universal mapping property of A, there exists a unique homomorphism f : ∏ i∈I A_i → A, such that π_if = h_iσ_i, i ∈ I. f is surjective since it is surjective in Set. Thus, since A_i ∈ K, i ∈ I, A ∈ H(P(K)) and PH ≤ HP.

3 Suppose, finally, that A = ⟨A, α⟩ ∈ P(S(K)). Then, there exists a collection A_i ∈ K, i ∈ I, and injective homomorphisms j_i : B_i ↣ A_i, i ∈ I, such that A = ∏ i∈I B_i, with projections π_i : A → B_i, i ∈ I.

A_i

∏ i∈I B_i B_iπ^i j_i

Since G preserves products, by Theorem 1, the product ∏ i∈I A_i exists in Set^F_G. Denote by σ_i : ∏ i∈I A_i → A_i, i ∈ I, its projections.

∏ i∈I A_i A_iσ_i

A = ∏ i∈I B_i B_iπ^i f j_i

Then, by the universal mapping property of ∏ i∈I A_i, there exists a unique homomorphism f : A → ∏ i∈I A_i, such that j_iπ_i = σ_if, i ∈ I. f is injective since it is injective in Set. Thus, since A_i ∈ K, i ∈ I, A ∈ S(P(K)) and PS ≤ SP. ■

Now Lemmas 3 and 4 impose the following nine relations on the generators of the partially ordered monoid H, S and P:

I ≤ H I ≤ S I ≤ P

H = HH S = SS P = PP

SH ≤ HS PH ≤ HP PS ≤ SP

But these are exactly the relations satisfied by the generators of the partially ordered monoid of operations on classes of algebras studied by Pigozzi in [9]. Thus Theorem 1 of [9] may be applied to obtain

Theorem 5 Suppose G : Set → Set is a functor preserving products and pullbacks. Then every operation on classes of ⟨F, G⟩-bialgebras in the monoid generated by the operations H, S and P coincides with one of the 18 operations

I H S P SH PH PS HS SP

HP PSH PHS SPH HPS SHP SPHS SHPS HSP

Since, moreover, all universal algebras are ⟨F, G⟩-bialgebras, where G is the identity functor on Set, and, a fortiori, all commutative semigroups are bialgebras, Theorem 2 of [9] may also be applied to obtain

Theorem 6 Suppose G : Set → Set is a functor preserving products and pullbacks. The structure of the partially ordered monoid of operations on classes of ⟨F, G⟩-bialgebras generated by H, S and P is given in Figure 1.

Fig. 1. The partially ordered monoid of Theorem 6

4 S, H and Σ

In this section, the structure of the partially ordered monoid generated by the operations S, H and Σ of taking subbialgebras, homomorphic images and sums on classes of ⟨F, G⟩-bialgebras is investigated. The multiplication operation of the monoid is again the composition operation and the identity is the identity operator I on classes of bialgebras. The ordering is defined as before. Since, in general, sums may not exist in Set^F_G and in view of Theorem 2, we will restrict our attention to the special case in which the functor F : Set → Set preserves coproducts and pushouts. We will show that, in this case, the partially ordered monoid is identical to the partially ordered monoid of operators on classes of coalgebras generated by the operators of taking subcoalgebras, homomorphic images and sum coalgebras, that was obtained by Dragan Mašulović and Boža Tasić ([7], Section 3). This result generalizes the result of Mašulović and Tasić, since coalgebras are special cases of bialgebras in which the functor F : Set → Set is the identity functor on Set, which preserves coproducts and pushouts.

Lemma 7 Let K be an arbitrary class of ⟨F, G⟩-bialgebras and suppose that F preserves coproducts and pushouts. Then

1 HS ≤ SH 2 ΣS ≤ SΣ 3 ΣH ≤ HΣ

Parts 1,2 and 3 of Lemma 7 may be proven similarly to parts 1,2 and 3 of Lemma 4. So the proof will be omitted.

Now Lemmas 3 and 7 impose the following nine relations on the generators of the partially ordered monoid S, H and Σ:

I ≤ H I ≤ S I ≤ P

H = HH S = SS P = PP

HS ≤ SH ΣS ≤ SΣ ΣH ≤ HΣ

But, as is the case for coalgebras, the following two additional relations hold among the generators:

SΣ ≤ ΣS and SHΣ = HSΣH.

The proofs are given in Propositions 8 and 11, the first of which is essentially due to Gumm and Schröder (see [5], Lemma 3.2) and the second due to Mašulović and Tasić (see [7], Proposition 3.3), but are both adapted here for the case of bialgebras.

Proposition 8 The operators S and Σ on classes of ⟨F, G⟩-bialgebras, with F coproduct preserving, commute.

Proof:

By Lemma 7, Part 2, we have ΣS ≤ SΣ. (Note that the proof of Part 2 does not require preservation of pushouts.) So it suffices to show that SΣ ≤ ΣS. Suppose that A = ⟨A, α⟩ ∈ S(Σ(K)). If A = ∅, then A ∈ Σ(S(K)) and we are done. So suppose that A ≠ ∅. Then, there exist A_i = ⟨A_i, α_i⟩ ∈ K, i ∈ I, such that A ≤ ∑ i∈I A_i. Without loss of generality we may assume that A ∩ A_i ≠ ∅, for all i ∈ I. Denote by π_i : A_i → ∑ i∈I A_i, i ∈ I, the injections and by i : A → ∑ i∈I A_i the inclusion morphism.

f ∑ i∈I A ∩ A_i p_i A ∩ A_i

A k_i

∑ i∈I A_i i

A_i

π_i

By Theorem 37 of [15], A∩A_i admits a subbialgebra structure ρ_i : F (A∩A_i) → G(A ∩ A_i), for all i ∈ I, i.e., the following rectangles commute

G(A ∩ A_i) G(A) G(k_i)

F (A ∩ A_i) F (A) F (k_i) ρ_i α

where k_i : A ∩ A_i → A, i ∈ I, are the inclusions. It is not difficult to see by chasing the following diagram that A ∩ A_i ≤ A_i, i ∈ I.

G(A_i) G( ∑ i∈I A_i) G(π_i)

F (A_i) F ( ∑ i∈I A_i) F (π_i)

α_i σ

G(A ∩ A_i) G(A) G(k_i)

F (A ∩ A_i) F (A) F (k_i)

ρ_i α

F (l_i)

G(l_i)

F (i)

G(i)

where l_i : A ∩ A_i → A_i, i ∈ I, are the inclusions and σ is the bialgebra structure map of ∑ i∈I A_i. Since F preserves coproducts, the sum ∑ i∈I A ∩ A_i exists in Set^F_G by Theorem 2. Denote by p_i : A ∩ A_i → ∑ i∈I A ∩ A_i, i ∈ I, the corresponding injections. By the universal mapping property of the coproduct ∑ i∈I A ∩ A_i, there exists a unique homomorphism f : ∑ i∈I A ∩ A_i → A, which coincides with the unique morphism from the coproduct ∑ i∈I A ∩ A_i to A in Set, such that fp_i = k_i, i ∈ I. But f : ∑ i∈I A ∩ A_i → A is a bijection, whence, by Proposition 1 of [15], it is a bialgebra isomorphism. Therefore

A ∼= ∑ i∈I A ∩ A_i and, since A_i ∈ K, for all i ∈ I, we have A ∈ Σ(S(K)).

Thus SΣ ≤ ΣS. ■

In order to prove Proposition 11, the notion of a conjunct sum of ⟨F, G⟩- bialgebras will be used and two lemmas, correspoding to Lemmas 3.1 and 3.2 of [7], will be formulated. The proofs in [7] carry through to the bialgebra case virtually unchanged, but will be presented so as to give a full picture of the proof of Proposition 11 for bialgebras.

A bialgebra A = ⟨A, α⟩ is said to be the conjunct sum of bialgebras A_i = ⟨A_i, α_i⟩, i ∈ I, if there exist injective homomorphisms e_i : A_i → A, i ∈ I, such that A = ⋃ i∈I e_i(A_i). In this case we write A = ∑_c i∈I A_i. Given a class K of bialgebras, by Σ^c(K) is denoted the class of all bialgebras isomorphic to a conjunct sum of bialgebras in K. It is then easy to see that, if F preserves coproducts, then

Σ^c ≤ HΣ. (1)

The following two lemmas concern the relation of Σ^c with the operators H and S and will be used in the proof of Proposition 11.

Lemma 9 For any class K of ⟨F, G⟩-bialgebras, with F coproduct preserving, H(Σ(K)) = Σ^c(H(K)).

Proof:

First, Σ^cH^{(1)}≤ HΣH ≤ HHΣ = HΣ.

Suppose, conversely, that A ∈ H(Σ(K)). Then, there exist bialgebras A_i ∈ K, i ∈ I, and a surjective homomorphism h : ∑ i∈I A_i ↠ A. Let π_i : A_i → ∑ i∈I A_i, i ∈ I, denote the injections.

A

A_i ∑ i∈I A_i π_i h

Now, by Theorem 7 of [15], the epi-mono factorization A_i^{hπi}↠ h(π_i(A_i)) → A exists in Set^F_G. Since h is a surjection, A = ⋃ i∈I h(π_i(A_i)), whence A = ∑_c i∈I h(π_i(A_i)). Thus, A ∈ Σ^c(H(K)). ■

Lemma 10 For any class K of ⟨F, G⟩-bialgebras, S(Σ^c(K)) ≤ Σ^c(S(K)).

Proof:

Suppose that A ∈ S(Σ^c(K)). If A = ∅, then A ∈ Σ^c(S(K)). So assume that A ≠ ∅. Then, there exist A_i ∈ K, i ∈ I, injections e_i : A_i ↣ B, i ∈ I, such that B = ⋃ i∈I e_i(A_i), and an injection h : A ↣ B.

A B h

A_i e_i

Let I_0 = {i ∈ I : h(A) ∩ e_i(A_i) ≠ ∅}. Since B = ⋃ i∈I e_i(A_i), I_0 ≠ ∅. Now, every endofunctor in Set preserves nonempty intersections, i.e., it preserves nonempty pullbacks of monos. Thus, by Theorem 1, The following pullback exists in Set^F_G, for all i ∈ I_0,

A B h

P_i A_i q_i p_i e_i

and p_i, q_i, i ∈ I_0, are all injective. Thus P_i ∈ S(K), i ∈ I_0. Now, since all p_i’s are injectives, to show that A ∈ Σ^c(S(K)), it suffices to show that A = ⋃ i∈I_0 pi(Pi). But, if a ∈ A, then there exists i ∈ I0 and ai ∈ Ai, such that

e_i(a_i) = h(a). Therefore ⟨a, a_i⟩ ∈ P_i and p_i(⟨a, a_i⟩) = a. ■ Proposition 11 Suppose that F : Set → Set preserves coproducts and pushouts. Then SHΣ = HSΣH. Proof:

SHΣ = SΣ^cH (by Lemma 9) ≤ Σ^cSH (by Lemma 10) ≤ HΣSH (by (1)) = HSΣH (by Proposition 8) On the other hand,

HSΣH ≤ HSHΣ (by Lemma 7, Part 3) ≤ SHHΣ (by Lemma 7, Part 1) = SHΣ (by Lemma 3, Part 3)

■ It has now been shown that, for ⟨F, G⟩-bialgebras, with F coproduct and pushout preserving, the relations between the generators of the partially ordered monoid of operations generated by S, H and Σ are exactly the relations satisfied by the generators of the partially ordered monoid of operations on classes of coalgebras studied by Mašulović and Tasić in [7]. Thus their result may be applied to obtain

Theorem 12 Suppose F : Set → Set is a functor that preserves coproducts and pushouts. Then every operation on classes of ⟨F, G⟩-bialgebras in the monoid generated by the operations S, H and Σ coincides with one of the 13 operations

I H S Σ HS SΣ ΣH

SH HΣ ΣHS SΣH HSΣ SHΣ

Since, moreover, all coalgebras are ⟨F, G⟩-bialgebras, where F is the identity functor on Set, all examples given in [7] to demonstrate proper inclusions are valid in the case under consideration. Thus, we obtain

Theorem 13 Suppose F : Set → Set is a functor that preserves coproducts and pushouts. The structure of the partially ordered monoid of operations on classes of ⟨F, G⟩-bialgebras generated by S, H and Σ is given in Figure 2.

5 Problems for Further Research

In this paper, the results of Pigozzi [9] on the structure of the partially ordered monoid of operators on classes of universal algebras generated by the operators H, S and P and of Mašulović and Tasić [7] on the structure of the partially ordered monoid of operators on classes of coalgebras generated by the operators S, H and Σ have been generalized to obtain results on the structure of the partially ordered monoids of operators on classes of ⟨F, G⟩-bialgebras

(a) generated by H, S and P, under the assumption that the functor G preserves products and pullbacks (b) generated by S, H and Σ, under the assumption that F preserves coproducts and pushouts.

It is now natural to ask and try to give an answer to the following questions which are suggested for further research

Fig. 2. The partially ordered monoid of Theorem 13.

Problem 1: Which is the structure of the partially ordered monoid of operations on classes of ⟨F, G⟩-bialgebras generated by H, S and P (where no restriction is imposed on G)?

Problem 2: Which is the structure of the partially ordered monoid of operations on classes of ⟨F, G⟩-bialgebras generated by S, H and Σ (where no restriction is imposed on F )?

Problem 3: Which is the structure of the partially ordered monoid of operations on classes of bialgebras generated by H, S, P and Σ (with or without restrictions on the functors F and G)?

References

[1] Burris, S., and Sankappanavar, H.P., A Course in Universal Algebra, Springer- Verlag 1981.

[2] Corradini, A., and Gadducci, F., Functorial Semantics for Multi-algebras, in Recent Trends in Algebraic Development Techniques, 13th International Workshop, WADT’ 98, Lisbon, Portugal, April 2-4, 1998, José Luiz Fiadeiro

(Ed.), Lecture Notes in Computer Science, Vol. 1589, Springer-Verlag, Berlin Heidelberg, 1999

[3] Gumm, H.P., Elements of the General Theory of Coalgebras, Preliminary Version, (Preprint)

[4] Gumm, H.P., and Schröder, T., Covarieties and Complete Covarieties, Coalgebraic Methods in Computer Science (B. Jacobs et al, ed.), Electronic Notes in Theoretical Computer Science, Vol. 11 (1998), pp. 43-56

[5] Gumm, H.P., and Schröder, T., Coalgebras of Bounded Type, (Preprint)

[6] Hussmann, H., Nondeterminism in Algebraic Specifications and Algebraic Programs, Birkhäuser, Boston, 1993

[7] Mašulović, D., and Tasić, B., Operators on Classes of Coalgebras, To appear in “Theoretical Computer Science”

[8] McKenzie, R.N., McNulty, G.F., and Taylor, W.F., Algebras, Lattices, Varieties.

Vol.1, Wadsworth & Brooks/Cole 1987.

[9] Pigozzi, D., On Some Operations on Classes of Coalgebras, Algebra Universalis, Vol. 2 (1972), pp. 346-353

[10] Rutten, J.J.M.M., and Turi, D., Initial Algebra and Final Coalgebra Semantics for Concurrency, CWI Technical Report, CS-R9409, 1994

[11] Rutten, J.J.M.M., A Calculus of Transition Systems (Towards Universal Coalgebra), CWI Report CS-R9503, 1995

[12] Rutten, J.J.M.M., Universal Coalgebra: A Theory of Systems, CWI Report CS- R9652, 1996

[13] Rutten, J.J.M.M., Automata and Coinduction (An Exercise in Coalgebra), CWI Report SEN-R9803, 1998

[14] Rutten, J.J.M.M., Coalgebra, Concurrency and Control, CWI Report SEN- R9921, 1999

[15] Voutsadakis, G., Universal Bialgebra: Unifying Universal Algebra and Coalgebra, Submitted to “Algebra Universalis”