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The study of structure systems, an abstraction of the concept of first-order structures, is continued. Structure
systems have algebraic systems as their algebraic reducts and their relational component consists of a collection
of relation systems on the underlying functors. An analog of the expansion of a first-order structure by constants
is presented. Furthermore, analogs of the Diagram Lemma and the Reduction Operator Lemma from the theory
of equality-free first-order structures are provided in the framework of structure systems.
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1 Introduction

The recent rapid development of the theory of abstract algebraic logic (AAL) into a coherent theory created a
common setting in which much of the previous work in the field of algebraic logic may be carried out. It also
provided a unified general framework for the future study of the algebraization of a wide variety of new logical
systems appearing in mathematical logic, in computer science, in linguistics and in other theoretical and applied
fields of study. This development is due to the seminal work of Czelakowski, of Blok and Pigozzi, and of the
Barcelona group under the leadership of Font and Jansana, among others. The interested reader may refer to the
review article [18], the monograph [17], and the book [6] for an overview of the theory and its main results and
applications.

The development of AAL brought again into the forefront older work of Bloom [2], which showed that its main
objects of study, deductive systems, and their models, logical matrices, form a part of the theory of first-order
logic without equality. More precisely, they may be studied in the framework of universal Horn logic (without
equality) with a single unary relation symbol, the truth predicate, and of its ordinary first-order models.

This connection between sentential logics and equality-free first-order logic led Dellunde (partly in joint work
with Casanovas and Jansana) and Elgueta (partly in joint work with Czelakowski and Jansana) to the study of
equality-free first-order logic and its model theory from the point of view of AAL. Their work may be found in
the series of papers [4, 8,9, 10] and [11, 12, 13, 14, 15], respectively.

The main body of AAL, which is the one responsible for it becoming a mature and robust theory, deals with
sentential logics. This framework is powerful enough to encompass most of the logics that had been studied
in classical algebraic logic before, using a variety of case-specific techniques that were unified by AAL. There
are logics, however, for which this framework is inadequate; most notably, logics with multiple signatures and
quantifiers, but also logics whose syntax is not string-based. This led in [27] (see also [28, 29]) to the founding
of the theory of categorical abstract algebraic logic (CAAL), whose main objects of study are 7-institutions [16]
(see also [19, 20]), structures more complex than sentential logics that allow handling successfully many of the
logical systems that are not handled elegantly or cannot be handled at all by traditional methods in AAL.
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In AAL, classes of universal algebras, more specifically, varieties and quasi-varieties of universal alge-
bras, serve as the algebraic counterparts of sentential logics. In CAAL, recent work [30, 31, 32, 33] has re-
vealed that the role of universal algebras is assumed by what were called algebraic systems in [32]. Moreover,
the idea of using algebraic systems in place of universal algebras has proven fruitful in a different direction.
It has helped critically in the development of an analog of the sub-theory of AAL, presented by Patasinska and
Pigozzi [26] for handling algebraically the logical connective of implication, to the level of logics formalized as
m-institutions [34, 35, 36, 37].

Because of these very recent developments and also because of some additional results obtained by the author
in [38], it is very natural to consider lifting results from the model theory of equality-free first-order logic to the
level of structures, abstracting first-order structures, that have as their underlying algebraic components algebraic
systems rather than universal algebras. In fact, this is what has been started in the series of papers [39, 40, 41],
following the work of Elgueta in [11] and inspired by both Dellunde’s and Elgueta’s work. These abstract
structures, mimicking equality-free first-order models at this more abstract level, were introduced in [39] and
called structure systems or simply systems. Basic aspects of the syntax and the semantics for the study of systems
were also developed in [39] following leads from equality-free first-order logic and its models. Moreover, in [39],
the reduced product construction is lifted in this setting and an analog of the well-known Ultraproduct Theorem
of L.o$ is obtained for structure systems. The second installment [40] studies Leibniz equality, a weak form of
equality that stands in for genuine equality in the equality-free context of the theory, and provides analogs of the
well-known Homomorphism Theorems of universal algebra in the context of systems. Finally, in [41], operators
are introduced for classes of structure systems, and some of their properties when composed with one another
are studied. A few of the concepts and the results of [39] and [40] that are critical for better understanding the
developments in the present paper will be reviewed in Section 2.

The whole of this work and what is to follow has exactly the same goal in CAAL as the work of Elgueta did
in AAL, i.e., to develop a more general framework for some of the results already known in a more restricted
setting in CAAL and to place some of these results in a more natural context.

In the present work, this development is continued by formulating and proving analogs in the framework of
structure systems of the Diagram Lemma and of the Reduction Operator Lemma of [11].

For general concepts and notation from category theory the reader is referred to any of [1, 3, 23]. Standard
references on model theory are the books by Chang and Keisler [5], Hodges [21], and Marker [25].

2 Preliminaries

In this section, some concepts and some results that were introduced previously in the theory of CAAL, together
with some of the basics of [39] and [40], will be recalled. This exposition of background information will,
hopefully, facilitate the reading in the following sections.

Given a category Sign and a functor SEN : Sign — Set, the clone of all natural transformations on SEN
is defined to be the locally small category with collection of objects {SEN® : « an ordinal} and collection of
morphisms 7 : SEN® — SEN” (B-sequences of natural transformations 7; : SEN® — SEN [33]. Composition

T 1< f (o5 :J <)
SEN® < ) SEN® —— SEN?

is defined by
(oj rjg<yyolm i< fB)y=(o;((m i< B)) <)

A subcategory IN of this category consisting of all objects of the form SEN* for k < w and containing all pro-
jection morphisms p** : SEN* — SEN, i < k, k < w, with pg’l : SEN(X)* — SEN(X) given by

PEY(Z) = ;i forall g € SEN(D)*,
and such that, for every family {7; : SEN* — SEN : i < 1} of natural transformations in IV, the sequence
(r; + i <1): SEN¥ — SEN'

is also in IN, is referred to as a category of natural transformations on SEN.
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This construction is very similar to that used in the formalization of Lawvere theories [22] (also [24, 1.5.35])
in categorical algebra, and generalizes the clone of operations on a given algebra from the theory of universal
algebra.

The term clone category is used for a category F' with all natural numbers as objects that is isomorphic to a
category of natural transformations /V on a given functor SEN via an isomorphism that preserves the projection
operations and, as a consequence, also preserves objects (identifying SEN* with k, k € w).

A system language L = (F', R, o) consists of a clone category F', a nonempty set R of relation symbols, and a
function g : R — w that assigns finite arities to the relation symbols in R. The set of L-terms Te is constructed
by recursion using a fixed denumerable set of variables V' = {z} : k € w}, which will sometimes be denoted,
as usual, by the metavariables z, y, z, etc., by setting a3, € Te, for all k € w and o(to,...,t,—1) € Te, for
allo € F(n,1) and all ¢, ...,t,—1 € Ter. An atomic L-formula is an expression of the form r (o, ..., tn—1),
where r € R with o(r) = n and ¢, ...,t,—1 € Ter. Arbitrary L-formulas are constructed using atomic £L-for-
mulas and some set of adequate connectives and quantifiers in the ordinary first-order way.

Given a system language £, an L-structure system or, simply, L-system 2 = (SEN?, (N, F2) R%) con-
sists of

1. a functor SEN® : Sign® — Set with a category of natural transformations IN % on SEN*;

2. asurjective functor F2 : F — N2 that preserves all projections p*' : k — 1,k < w, i < k;

3. afamily R% = {r® : r € R} of relation systems on SEN? indexed by R such that 7% is n-ary if o(r) = n.
L-systems generalize both the ordinary matrix models of AAL and first-order structures, and form in the context
of CAAL the natural models for theories over a fixed system language L.

Lett € Te, be an £-term, 2 = (SEN*, (N %), R%) be an L-system, ¥ € |Sign®|, and § € SEN*(2)~.
The value of t at (%, @) in the system 24, denoted by t3 (7 ), is defined by recursion on the structure of ¢ as follows:

ap (@) = ¢ forall k € w, and

o(to, .- tn-1)T(F) = FH(0)x(t, (), - - th_15(#))

forallo € F(n,1) and all t,...,t,—1 € Te,.
Finally, given an £-formula cv, an L-system 2, as above, & € |Sign?|, and @ € SEN® (X)), U satisfies o
at (3, ), written A Fx; a[F], is defined by recursion on the structure of the £-formula « as follows:

L. If « = r(to, ..., tn—1) is atomic, then A Fx; r(to, . .., tn—1)[F]Iff (T (F),.... 21 (F)) € r¥.
2. AEy (g A ay) [P iff A Fs ap[@] and A Es aq[F].
3. AEs (-0)[F]iff A #s B[]
4. A Ey, (Vi)B[@] iff A Ex; B[] for all b € SEN®(X)¥ such that @ = 1; forall j # .
These conditions clearly define the semantics of all other connectives in the first-order model theory of £-systems.
Let SEN : Sign — Set be a functor and N be a category of natural transformations on SEN. In the sequel,

the functor of N-terms with variables in an arbitrary set X that was presented in [37] will also be used. Given a
set X, the collection Te™ (X) of N-terms in the variables X is defined recursively as follows:

1.z € TV (X) forall z € X;
2. o(tg, ... tn_1) € TeN(X) forall o : SEN® — SEN in N and all t, ..., t,_;, € Te" (X).

Moreover, given sets X,Y and a mapping f : X — Y, f induces a mapping Te™ (f) : Te™ (X) — Te™ (Y),
defined recursively on the structure of N-terms, by

1. TeV (f)(z) = f(z), forall z € X;
2. forall o : SEN” — SENin N and all ¢, ..., t,_;, € Te" (X),

TeN(f)(U(t()a cee 7tn71)) = U(TeN(f)(t(])a AR TeN(f)(tnfl))'
It is not difficult to see that, defined as above, Te" : Set — Set is a functor, and that it is equipped with a

category N of natural transformations that is compatible with N. By an N-term we will understand a member
of Te™ (X) for some X € |Set|.
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Let, now, 2 = (SEN* (N* F%) R%) and B = (SEN® (N® F®) R?) be two L-structure systems. Re-
call from [39] that an (N'*, N"®)-epimorphic translation (F,a) : SEN® —%¢ SEN® is said to be an L-mor-
phism (F, o) : A — B if

1. the following triangle commutes:

F
7 N\
N2 oo N%;

the dashed line represents the two-way correspondence established by the (INV AN %)-epimorphic property;
2. forall 7 € R with o(r) = n, all & € |Sign®
Such an £-morphism is called strong or strict if, in the last condition above, the displayed implication is replaced
by an equivalence. A strict surjective £-morphism is called reductive and is denoted by (F, o) : A —» 3 B.
Several results on L£-systems from both [39] and [40] will be useful in better understanding the results pre-
sented in the following sections. In [39, Lemma 6], given two L-systems

,and all ¢ € SEN*(2)", @ € r& implies ax(F) € T?(z)-

2 = (SEN? (N F*), R*) and 9B = (SEN® (N?® F®) R?)

and a strong £-morphism (F, «) : A — B, it is shown that if © is an L-subsystem of 9B, denoted © C B,
then a~1(®D) C 2, and it is also shown thatif € C 2, F : SignQl — Sign% is injective, and F(Signe) is a sub-
category of Sign®, then «(€) C B. For the precise definitions of the pre-image o~ (D) and of the image a(¢)
of L-systems © and &, respectively, along an L-system morphism and related details, see [39, Section 3.2].
Moreover, in [39, Proposition 7], it is proven that every reductive £-morphism is elementary. In [40], the notion
of a congruence system 0 of an L-system 2 = (SEN? (N* F2) R%) is defined. It is an N *-congruence sys-
tem on SENQ[, in the ordinary sense of CAAL, that, in addition, is compatible with all relation systems in R%,
i.e., such that for all r € R with o(r) = n, all € |Sign™|, and all 3, € SEN*()", @ € r& and @’9%1/7im—
ply 15 € 9. Furthermore, it is shown in [40, Proposition 1] that the collection Con™" () of all N % _congruence
systems of 2 forms a principal ideal of the complete lattice Con®¥ ! (SENQ[) of all N"*-congruence systems
on SEN?, whence there always exists a largest N Q[-congmence system of 2(, which is termed the Leibniz
N*_congruence system of 2 and is denoted by Q" () or, more simply, (). In [40, Theorem 6] a syn-
tactic characterization is provided of the Leibniz congruence system of an £-system 2. A Leibniz formula over L
or a Leibniz L-formula is a formula of the form §(z,y) with two free variables such that for some atomic for-
mula y(z, Z) with at least one free variable z,

Bla,y) == (VZ)(y(, Z) < 7(y, 7)),

where by (VZ') is denoted the string of universal quantifications (Vzg) ... (Vz;—_1), where k is the length of the
vector Z. It is shown in [40, Theorem 6] that, given an L-system 21 = (SEN* (N?* F2) R%) ¥ ¢ [Sign”|,
and ¢, € SEN*(X), (p, 1)) € QZNQ[ () iff for all Leibniz £-formulas G(z, y),

Ay Bz, y)[SEN(f) (), SEN(f)(¥)] forall ¥’ € |Sign®|, f € Sign® (%, ).
Finally, in [40, Proposition 16], given two L-systems
2 = (SEN* (N? F¥) R%) and 9B = (SEN® (N?® F®) R?)

and a reductive system morphism (F, a) : 2 —»¢ B, where F' : Sign® — Sign® is an isomorphism, then the
pair (F*, o) is defined by letting F* = F and

a* : SEN®/QN™ (2) —s SEN® /QN™ (%8) 0 F*
be given, for all & € |Sign®|, by

*

a%(p*) = as(p)* forall p € SEN* (D).
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The following diagram illustrates the definition of (F**, a*):

(Fa) | o

A B

<ISignQl ) T > <ISign% ) L >

It is then proven that (F'*, «a*) : A* — B* is an isomorphism of L-systems. For the definition of quotient
L-systems and other related details, see [40, Section 4].

3 Expansion by constants

Suppose that £ = (F, R, o) is a system language and 2 = (SEN* (N* F2) R%) is an L-structure system.
The analog in the context of structure systems of the expansion £ 4 of an equality-free first-order language £
by a new set C'y of constant symbols c,, a € A, is the expansion Ly of the system language L by the sentence
functor SEN?, i.e., the quadruple Ly = (F,SEN* R, o).

Using the notation of [37, Section 2] that was reviewed in the introduction, define a new sentence func-
tor Te? : Sign® — Set as follows: At the object level, for all ¥ € |Sign?|,

Te*(2) = TeF (V USEN? ().

Of course it is assumed that the variables in the denumerable collection V' are disjoint from all sentences ¢
in SEN? (%), for all ¥ € [Sign?|.

At the morphism level, for all f € Sign® (%, ), define Te*(f) : Te*(X) — Te®(X') by recursion on the
structure of ¢ € Te® () as follows:

1. Ift = v € V, then Te*(f)(v) = v.

2. If t = ¢ € SEN*(X), then Te* (f)() = SEN*(f)(¢).

3.1t =o0(to,...,tn_1) forsome o € F(n,1)and to,...,t, 1 € Te*(X), then

Tem(f)(a(t()a B atn—l)) = J(Teg‘(f)(tO)v s >Tem(f)(tn—l))‘

An element t € Te? (X) will be referred to as a X-term over Lg.

We define similarly the functor Fm® : Sign® — Set yielding X-formulas over Ly as follows: At the object
level, me(Z) is built recursively out of the Y-terms over Ly, the relation symbols in R, and some adequate
collection of first-order connectives in the usual way. At the morphism level, the only change in a ¥-formula
over Ly that is effected by Fm? (f), where f € Sign® (3, '), is that every S-sentence ¢ € SEN? () appearing
in a term in the formula is replaced by the >-’-sentence SEN?(f)(¢), i.e., every X-term ¢ over Ly in the formula
is replaced by the X/-term Te™ (f)(t).

An Ly (-structure) system is a quadruple

B = <SEN%7 <N%aF%>7 <C%,’}/%>,R%>,

where (SEN® (N® F2) R®) is an L-system and (C'®,~®) : SEN®* —% SEN® is a singleton translation.
Next, the value t& () of a S-term t over Ly in an Lo-system B = (SENT (N'T F®) (C® ~%) R®) ar
the tuple 1 € SEN® (C® (%)) is defined by recursion on the structure of ¢ as follows:
1LIft = v; € V, then tB(¢) = 1)
2. If t = ¢ € SEN*(X), then t2(¢)) = 43 (¢).
3.1t = o(to,...,tn_1) for some n-ary o in F and tg, ..., t, 1 € Te*(X), then

t%@;) = U?%(z)(tg; (7;), e at?—u (J))
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Satisfaction of a L-formula o(U) over Lg with free variables in the list U in an Ly-system B at the tu-
ple b € SEN® (C® (%))« is denoted by B 5, «[¢) ] and is defined by recursion on the structure of the S-formu-
la «v as follows:

1. If a = r(tg, . .., tn—1) is atomic, i.e., if » € R with o(r) = nand tg,...,t,—1 € Te* (%), then

BEs rto, o ta)[B] W (E (), 2 (D)) € 18 (5

2. If v is a Boolean combination of X-formulas over Lg or results from a quantification of some other >-for-
mula over Ly, then the recursive step mimics the corresponding one from first-order logic.

We denote by At (%) the collection of all atomic X-sentences over L.
Finally, we say that a ¥-formula o over Ly is satisfied in an Lo-system B if it is satisfied at every tuple in the
system.

4 The Diagram Lemma

Let £ = (F, R, ) be a system language and 2 = (SEN* (N* F2%), R%) be an L-system. The diagram of 2,
denoted by Dg2l = {Dgx}yc|sign2 |, is defined by setting, for all ¥ € |Sign?|,

DgEQ{ = {Oé € Atm(z) : <SENQ‘a <Nma FQ[>7 <ISignQ‘a L>7Rm> bE Oé}
U{=a : a € At*(S), (SEN* (N*, F?), (Igigna, 1), R*) Fx —a}.

The Leibniz diagram of 2, denoted by Dgl = {Dgl2}5¢|sign2 |, is defined by letting, for all ¥ € |Sign?|,
Dgls.2( be the union of Dgs-2l and all X-sentences over Ly of the form (¢, t"), for 3(x, y) a Leibniz £L-formula
(see [40, Section 3] and, also, the introduction) and ¢, ¢’ € TeQ‘(Z) closed X-terms over Ly, i. e., containing no
variables in V, such that (t3, &) € Qx(2A). More formally,

Dgly,2 = Dg2 U {3(t, ') : B(z,y) a Leibniz L-formula, ¢, ' € Te*(X) closed,
and (t3,t3) € Qs (A)}.

The elementary diagram DgeR of 2 is defined as Dge?l = {Dgex,}y,¢|gign= |, Where for each ¥ € Sign?|,
Dgey2 is the collection of all X-sentences over Ly which hold in (SEN? (N?, F2), (Isigna,t), RY).

Note that, by [40, Theorem 6], we have that Dgl2( < Dge%, i.e., for all X € \Signgl , Dgl,2 € Dgex 2.

The following lemma forms an analog for structure systems of the Diagram Lemma [11, Lemma 4.5]. Before
its formulation, the reader should take notice of the construction of the singleton translation

(F*, o) : SEN* /Q(A) —* SEN® /Q(B)

out of the singleton translation (F, ) : SEN? —5 SEN that was presented, under several appropriate hypothe-
ses, in [40, Proposition 16] and reviewed in the introduction. The same construction, under different hypotheses,
will be key in the proof of the Diagram Lemma.

Theorem 4.1 (Diagram Lemma) Let £ = (F', R, 0) be a system language,
2 = (SEN? (N F*) R¥) and 9B = (SEN® (N?® F®) R®)

be two L-systems, and (F,a) : SEN® —s SEN® ¢ singleton translation, where F : Sign® — Sign® is a
surjective functor.

1. If (SEN® (N® FB) (F,a), R®) is a model of DgI, then (F*, a*) : A* —, B* is a strong L-mor-
phism from 20* into B* and o, is injective for all ¥ € |Signm|.

2. If (SEN® (N® F®) (F,a), R®) is a model of Dge2d, then (F*, a*) : A* —s B* is an elementary
L-morphism from A* into B* and o, is injective for all 3 € |Signg‘\.
Moreover, implications become equivalences if, in addition, (F,c) : SEN® —3¢ SEN® is an (N*, N'®)-epi-
morphic translation, where F' : SignQl — Sign% is a surjective functor.
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Proof.
1. Assume that (SEN® (N® F®) (F, a), R®) is a model of Dgll. Define F* = F : Sign® — Sign®
and o* : SEN* /Q(2) — SEN" /Q(B) o F* by letting, for all ¥ € |Sign®|,

af : SEN*(2)/Qx(A) — SEN®(F(X))/Qp(s) (B)
be defined by
a% (") = ax(p)* forall p € SEN*(X).

It must first be shown that o* is a well-defined singleton translation from SEN? /Q(2) to SEN® /Q(B) o F.
To this end, suppose that ¥ € [Sign™| and that ¢, ' € SEN? (%) are such that o* = ¢'*, i.e., (p,¢) € Qs ().
By [40, Theorem 6], for all ©’ € |Sign™| and all f € Sign™ (%, %), 3(SEN*(f)(¢), SEN?(f)(¢)) € Dgly, A
for all Leibniz £-formulas 3(z, ). Thus, since (SEN®, (N F®) (F, a), R®) is a model of Dgl, we get that

B Epe) Bla, y)las (SEN*(f)(¢)), as (SEN(f)(")].

This is equivalent, by the naturality of «, to

B Epe) B, y)[SEN® (F(f))(as(0), SEN® (F(f))(ax(¢))]-

Hence, by the surjectivity of F' combined with [40, Theorem 6], we get that (ax(¢), ax(¢’)) € Qpx)(B), i.e.,
that oy (0)* = ax(¢’)*. Therefore, o is a well-defined mapping for all ¥ € |Sign™|.
To see that o* : SEN* /Q(2) — SEN™ /Q(B) o F is a natural transformation, consider X1, ¥y € |Sign?|,

f € Sign®(2,%,), and ¢ € SEN*(X,). Then

*

O[EI

SEN™(%1) /€2, () SEN™ (F(£1))/Qp(s,) ()

SENZ(f)/Q(2) SEN™(F(f))/Q(B)

SEN™(52) /s, (U) ———+ SEN™ (F(22)) /Qp(s,) (B)

P
and
o, (SEN* () /Q(2)(¢*)) = as, (SEN*(£)()")
= ax, (SEN*(f)())*
= SEN®(F(f))(as, (#))*
= SENZ(F(f))/9B)(ax, (¢)*
= SEN®(F(f))/9B)(a%, (¢")

Next, we show that (F, a*) is (N®", N'®")-epimorphic. To this end, suppose that o is n-ary in F', & € |Sign®|,
and @ € SEN*(X)". Then, since (02(F),03(F)) € Qx(A), by [40, Theorem 6] we get that for all Leibniz
L-formulas §(z, ), all ¥ € |Sign™|, and all f € Sign™(%, ),

BSEN(£)(73(#)), o(SEN"(£)())) € Delsy (2.
But, by the hypothesis, we have that (SEN® (N F®) (F, a), R®) is a model of Dgl2, whence we get that

B Epe) Bla, y)las (SEN*(f)(0%())), 0 (s (as (SEN* (£)(8)))];

whence

B Ersy) Bz, y)[as (SENY(£)(03(£))), 0 55 (SEN® (F(f)) (ax(#)))]
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154 G. Voutsadakis: The Diagram and the Reduction Operator Lemmas

and, therefore,

B Epe) B, y)[SEN® (F(f))(as(08(£))), SEN® (F(f)) (05 (x) (ax(£)))]-

Thus, by the surjectivity of F' together with [40, Theorem 6], we obtain that

(as(0%(F)), 05 (s)(as(F))) € Lr(n)(B).
Thus,

) as(03(P))" = 0p(s)(an(@))".

Finally, we obtain

)*  (by equation (1))

This shows that (F, a*) : SEN® /Q(2) —¢ SEN /Q(B) is indeed an (N* , N )-epimorphic translation.
Next, it is shown that (F, a*) : 2* — B* is an L-system morphism and that it is strong. In fact, givenr € R
with o(r) = n, ¥ € |Sign?|, and § € SEN?(X)", we get that

grerd iff gerd
iff (@) € Dglp2
iff (SEN® (N® F®) (F,a),R®) ks r(F)
iff an(F) € 7’?(2)
iff axn(@) €rfy,
iff a3(3%) € rfs)

This shows that (F, o) : 2A* — B* is a strong L-system morphism.

Finally, by [40, Lemma 2], we get that Ker((F, a*)) € Con(2*), whence Ker((F, a*)) = ASEN™" gince 91+
is reduced. Hence a3, is injective for all ¥ € |Signm|.

Suppose, conversely, that (F,a) : SEN? —s¢ SEN® | where F : Sign® — Sign® is a surjective func-
tor, is an (Nm, N%)—epimorphic translation, and that (F™*, o*) : A* — B* is a strong L-morphism from 2*
into B* and o, is injective for all ¥ € |Sign™|. We must show that (SEN® (N® F®) (F, o), R®) is a model
of Dgl2l.

First, suppose that r € R with o(r) = n, & € |Sign™|, and @ € SEN*(X)". Since (F, *) is strong, we ob-
tain that

<SENQ[7 <NQ[7 Fﬂ>u <ISig1r19‘l ) L>7 Rf[> ':Z 7;((5) iff
(SEN®" (N® F®") (F.a*),R®") Fx r(F).

Thus, we obtain that
<SEN917 <va Fﬂ>a <ISignQ‘7L>7 Rm> Fx T(QB) iff <SEN%7 <N%7 F%>v <F7 a>a R%> Fx T(‘ﬁ)

Next, suppose that 3(z, y) is a Leibniz £-formula, ¥ € |Sign®|, and (@), t'(F) are X-terms over Ly such
that 3(t,t') € Dgls2l. Then we have (t2(3), %2(F)) € Qs (A). Thus, since (F, a) : SEN® —¢ SEN® is an
(N?, N*®)-epimorphic translation such that (F, a*) : A* — %B*, we obtain that

(as(t3(#)), ax(t5(F))) € Qrs)(B),
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Le, (tR)(ax(@)), tis) (ax(F))) € Qp(s)(B). Hence, by [40, Theorem 6], we get that
<SEN%7 <N%a FSB>7 <Fa O‘>7R%> ':E B(tat/)

and, therefore, (SEN® (N® F®) (F a), R®) is a model of Dgly2. But X € |Sign®| was arbitrary, which
means that (SEN® (N'® F®) (F a), R®) is a model of Dgl2, as was to be shown.

2. By 1., showing that the strong £-system morphism (F* «o*) : 20* — B* is also elementary is sufficient
to prove the “only if” direction. To this end, suppose that v(Z ) is an £-formula whose free variables are among
those in the list Z of length n, & € |Sign?|, and & € SEN?(X)™. Then we have

2[* ':2’)/[6*] iff 91'22’}/[

o] (by [39, Proposition 7])
iff (SEN?, <N F2)
(N

<151gn 3L>a RQ‘> Fx 7(95)

iff (SEN®, ,F3) (F,a), R®) Ex v(F) (by the hypothesis)

iff B Fpx) o (95)]

iff B* Fp) vlas(F)"] (by [39, Proposition 7])
iff B* Fp) vlas (7)) (by the definition of a3;).

For the converse, suppose that 3 € [Sign?| and that (¢ ) is a X-sentence over L. Then

(SEN* (N, F%), (Igigna, 1), B*) Fx v(§)
iff AEx ~[F] (yan L-sentence)

iff A* Fy y[F7] (by [39, Proposition 7])

iff B* Fp) v[os(F)] (by the hypothesis)

iff B Fpr) v[as(F)] (by [39, Proposition 7])

iff (SEN® (N® F®) (F a), R®) Fx v(7). O

Theorem 4.1 yields the following corollary, which forms an analog of [11, Corollary 4.6] for L£-systems.
It says, roughly speaking, that an elementary morphism is strong, and if its functor component is an isomorphism,
then the image of the domain is an elementary subsystem of the codomain. It also asserts that an elementary
morphism between two L-systems induces an elementary morphism between their Leibniz reductions and that,
under this induced morphism, the image of the domain becomes an elementary subsystem of the codomain in case
the functor component of the original elementary morphism is an isomorphism.

Corollary 4.2 Let L = (F, R, 0) be a system language and
2 = (SEN? (N2 F™) R*) and 9B = (SEN® (NP F?) R®)

be two L-systems.

1. If (F,a) : A — B is an elementary L-system morphism, then (F,a) : A — B is also strong, and if,
in addition, F : Signm — Sign% is an isomorphism, then a(2() C, B.

2. If (F,a) : A —¢ B is an elementary L-system morphism and F is surjective, then (F,a*) : A* —, B*
is also elementary, and if, in addition, F : SignQI — Sign‘B is an isomorphism, then o* (A*) C, B*.

Proof.

1. Ttis clear from the definitions involved that (F, ) : 24 — B elementary implies that (F, ) : A —3 B
is also strong. Now apply [39, Lemma 6, part 2] to obtain that «(2() C 8. However, since (F) ) is elementary,
we get that a(A) C, B.

2. From the hypothesis, we obtain that (SEN® (N® F®) (F,a), R®) is a model of Dge2l. Thus, by The-
orem 4.1, 2., we get that (F*, o) : A* —, B* is an elementary £-system morphism. Therefore, with the help
of [39, Lemma 6, part 2], we get that o* (%4*) C, B*. O
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S The Reduction Operator Lemmas

In this section an analog of [11, Reduction Operator Lemma 4.7] of Elgueta is formulated and proven for £-sys-
tems. This result consists of three parts. All of them deal with equalities between operators on classes of £-sys-
tems that are obtained by composing in various ways the Leibniz reduction operator L with other class operators.
The first part shows that, if S; denotes the operator of taking isomorphic copies of £-subsystems with isomorphic
functor components, then LS; = LS;L.. The second part shows that, if P, Py, P, Psq denote the operators of
taking isomorphic copies of direct products, filtered products, ultraproducts, subdirect products, respectively,
of L-systems, then LO = LOL, where O stands for any of these product operators. Finally, in the last part, it is
shown that, if S is the operator of taking isomorphic copies of elementary £-subsystems with isomorphic functor
components of a class of L-systems, then LS;, = LS;.LL = S;cL. Our interest in this lemma lies with the fact that,
when proving model-theoretic characterizations of different equality-free first-order definable classes and of their
corresponding reductions, one starts with the abstract class and then applies the Reduction Operator Lemma
to obtain the analogous result for the reduced class. See [11, Section 5] for more details. As a consequence,
the present results open and pave the way for establishing in future work analogs of the equality-free class
characterization theorems in the context of £-systems, generalizing the corresponding results on equality-free
first-order classes.

Recall from [39, Section 3] that an L-system 2 = (SEN* (N, F%) R%) with SEN* : Sign® — Set
is said to be a simple subsystem of an L-system 6 = (SEN® (N%7 F®) R®) with SEN” : Sign® — Set
if it is a subsystem of B such that their sentence functors SEN % . Sign® — Set and SEN® : Sign‘B — Set
have the same domain, i. e., if Signm = Sign%.

The following lemma is a technical result that will be useful in the proofs of the first and of the third part of
the Reduction Operator Lemma.

Lemma 5.1 Let 2 = (SEN? (N?, F2), R%) be a simple subsystem of B = (SEN® (N® F®) R®), and
let 0 = {05} nc|sign®| € Con(B). Define 0% = {03} ¢ sign2| by 03 = 05 N SEN*(X)? for all € |Sign®|.
Define also (Ig;gn2,n) : A/0* — B /0 by letting, for all . € |Sign?|, 75 : SEN*(X)/6% — SEN® (%) /65,
be given by

1s:(0/0%) = /05 forall p € SEN*(X).
Then (Igign=, 1) : A/0% —, B /0 defines a strong embedding from A /0> into B /0.

Proof. First, note that for all ¥ € |Sign®|, 75 is well-defined. Indeed, if for ¢, ¢’ € SEN*(X) we have
that /03 = ¢’ /6, then, by the definition of %, it follows immediately that ¢ /05 = ¢’ /6. That

n : SEN*/6* — SEN® /¢
A
is a natural transformation is easy to see. The same goes for the (INV 2 , N B° )-epimorphic property, whence

<ISign‘zl ; 77> : SENQ[/HQL — SEN% /9

. o0 Bl o . . . A . _ . )
isan (N N~ )-epimorphic translation. To see that (Ig;g,,7) : 21/60 — 2B /6 is an L-morphism, sup
pose that 7 € R with o(r) = n, ¥ € |Sign®|, and @ € SEN*(X)". Then

3/0% e X it gerd it Ferd it F/0s crd/’.

The above equivalences also show that (Ig;e,,

2, 1) is a strong L£-morphism. Finally, to see that it is an injection,
suppose that & € |Sign®| and ¢, ¢’ € SEN? (%)

such that ¢/0s, = ¢’ /6s. Thus,
(p,¢) € 05 NSEN*(£)? = 63,

Hence ¢/02 = ¢’ /6% and s is in fact injective, for all ¥ € |Sign?|. O
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Having Lemma 5.1 at hand, we now proceed with the first part of the Reduction Operator Lemma showing
that LS; = LS;L, where S; denotes the operator of taking isomorphic copies of L£-subsystems with isomorphic
functor components. L is the Leibniz reduction operator that maps a class of L£-systems to the class of all
isomorphic copies of the Leibniz reductions of its members. For the formal definitions of those operators, see [39]
and, specifically for the Leibniz reduction of an £-system, see [40].

Lemma 5.2 (Reduction Operator Lemma I) LS; = LS;L.

Proof. We begin by showing that LS; < LS;L. Suppose, to this end, that 2 is an £-system and K a class of
L-systems such that 20 € LS;(K). Thus, there exist B, € with B € K such that 2( = ¢* and € C; B. Then by
Lemma 5.1, there is a strong embedding (Ig;gne,7) : €/Q(B)® —¢ B* with an isomorphic functor component.
Thus, by [39, Lemma 6, part 2], ¢/Q($8)¢ is isomorphic to a subsystem of B*. But, by [40, Proposition 16],
we also get that €* = (€/Q(B)%)*, whence 2 = (€/($B)%)*. This shows that 2l is isomorphic to the Leibniz
reduction of the L£-system ¢/Q(B)%, which is, in turn, isomorphic to a subsystem of B* which is the Leibniz
reduction of the £-system B € K. Thus, 2 € LS;L(K) and, therefore, LS; < LS;L.

For the reverse inclusion, suppose that 2( is an £-system and K a class of £-systems, such that 2 € LS;L(K).
Thus, there exist L-systems B, € with B € K such that A = ¢€* and ¢ C; ®B*. Consider the reductive £-mor-
phism (Igzgns, 7)) : B —, B*. By [39, Lemma 6, part 1], we have that 7(®) " (€) C; B. Also, the re-
striction (Ig;gp s, B w1 (@) AL (€) —»¢ € is a reductive L£-morphism, whence 2 = €* is iso-
morphic to a reduction via

-1
<ISignc ) T(Q(Q)> o <ISignSB ) 779(%)> rﬂ-Q(B)*l (Q): T(Q(%) (e) —7s (U

of a subsystem 7% "' (€) C; B € K. Therefore 2 € LS;(K) and, hence, LS;L < LS;. O

Next, we turn to the second part of the Reduction Operator Lemma. In this part, it is shown that LO = LOL,
where O is any of the operators P of taking isomorphic copies of direct products of £-systems, Pt of taking iso-
morphic copies of filtered products of L-systems, P, of taking isomorphic copies of ultraproducts of £-systems,
and Pgq of taking isomorphic copies of subdirect products of L-systems.

Lemma 5.3 (Reduction Operator Lemma IT) For all O € {P,P¢,P,,Pyq}, LO = LOL.

Proof. We proceed in two parts. First, it is shown that LPy = LP¢L, and second, that LPyq = LPyqL.
The cases covering products and ultraproducts follow directly from the case covering reduced products.

For reduced products, it suffices to show that if 2; = (SEN’, (N, F?), R%), i € I, is a collection of £-systems
and F is a proper filter over I, then

(Tlics i/ F)" = (Tic, A7/ F)™

This is because, in that case, if 2 is an £-system and K a class of £-systems, then on the one hand 2 € LP¢(K)
iff A= ([],c; ™A/ F)* for some A; € K, i € I, and on the other hand A € LP;L(K) iff 2 = ([],., %; /F)*
for some A; € K, i € 1.

We show that the pair (I, ) : [[,; %45 /F — ([[;c; i/ F)* is a reductive £L-morphism, where (I, o) is
defined by letting I :=1Ijj._ gigni, and forall ¥; € |Sign’|, i € I, letting

arr,, = ¢ ([ier SEN'(20) /95, (%) /F — (I SEN'(20)/F) /01, =, ([ies i/ F)
be defined by
arp,., s (F*/F) = (§/F)* forall g e[, SEN'(%;).

First, it is shown that « is well-defined. To this end, suppose that ¥; € |Signi| and @;,; € SENi(Zi), iel,
are such that

SB*/EﬁiEI D w*/EﬁiEI P
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Therefore, we have {i € I : ¢} =¥/} € F. To see that (§/F)* = (15/.7-")*, use [40, Theorem 6]. To this end,
let y(x, 21, . . ., 2 ) be an atomic L-formula, >/ ; € Sign'(%;,%)),i € I, and
X’l/zﬁiel EEEE »)Zk/zﬁiel DS [Tic: SENZ(E;)/EﬁiEI ba
Then, by [39, Theorem 8], we get that
Hie[ A/ F ':Hiel )oY ’Y[Hie( SENi(ft’)(‘ﬁ)/EﬁiEI 50 %l/EﬁiEI SYEEREE )Zk/EﬁiEI z;] iff
{i el A Fg y[SEN'(fi)(¥i), X145 - -+, xkil } € F.

But we also have
{iel:pr=yryn{iel : A Fy A[SEN(£i)(9i), X1ir- s Xnil}
C{iel : A Fx Y[SEN'(£i)(vi), X1is - - > Xkil }
whence, by the filter property of F, we get that
{i €1 : A Fs YSEN'(f;) (), X1i»-- - » Xnil} € F
which, again by [39, Theorem 8], yields that

Hie[ 22’ll/‘}r ':Hi,el P ’y[HieI SENT(fz)(iz)/ 22?)21/517_:[. PRARE 7>Zk/5ﬁ

Hence, if 53*/EJHT7161 5 = J*/Eﬁig 5, We get that

Hzejml/j:':n = ( )HV(yvg)[HielsENi(fi)( )/Eﬁiezzl’

il/zﬁielzgv"wik/zﬁi

The converse implication may be shown to hold by symmetry, whence, since y was an arbitrary atomic £-formula
and X1, . .., X arbitrary tuples in [ [, ; SEN*(X}), we get, by [40, Theorem 6], that

@/=h ) =W/=f s

The facts that « is a natural transformation, that (I, &) is an £-system morphism, and that it is strong and
surjective all follow relatively easy from the definitions of the reduced products involved.
To finish off this part of the proof, it suffices now to rely on [40, Proposition 16] to conclude that

(La*) : (Hz‘el Q[Z‘/]—")* = (Hie[ i/ F)*.

We turn now to the proof of LPgq = LPsqL. We show first that LPyq < LPgqL. Suppose that 2 is an
L-system and K a class of L-systems, such that 2 € Pyq(K) so that 20* € LP44(K). Then, there exist 2; € K,
iel, and (F,a): A —gq [[;c; % Let (P'a") : [[;c; % — i, i € 1, and (P, 7"") : [],c, Ar — AL,
i € I, be the projection £L-morphisms. Define the pair (G, 3) : % — [, 5 as follows: let G = F, and let,
for all ¥ € [Sign®|, By, : SEN*(Z) — [];c; SEN'(PU(G(X))/Qpi(c(x)) (A7) be given by

B5(#) = [Lies Ty (as(p))* forall p € SEN*(X).
It is not difficult to check that (G, 3) is a strong £-morphism such that for all i € I, (P!, 7'") o (G, 3) is surjec-
tive. To show that (G, () is strong, consider 7 € R with o(r) = n. Let ¥ € |Sign™| and & € SEN*(X)". Then

gerd iff ax(f)e 7‘11;[(15)' i

iff (Vie I)(WF(Z (as(g)) € sz(F E)))
(Vi € I)(mh sy (s ()" € Tt pesy)
iff [lies 7TF(E (an(P))" € g(é)l "

it e(@) e riisl ™

Surjectivity of (P"*, 7'%) o (G, 3) follows easily from the fact that (P?, 7%) o (F, «) is surjective for every i € I.

iel
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Hence, applying [39, Lemma 6, part 2] and [40, Homomorphism Theorem 10], we obtain that there exists
<H> 'Y> : Ql/Ker((G,ﬁ}) sd Hie[ 27

Therefore, (2A/Ker({(G, 3)))* € LPsqL(K). But, by [40, Proposition 16], we have that (/Ker((G, §)))* = A*,
which completes this part of the proof.

For the converse inclusion, suppose that K is a class of £-systems and 2 € LP 4L(K). Therefore, there
exist B, € K, i € I, and a subdirect product € Cgq [],.; B such that A = ¢*. Now consider the reductive
L-morphism

iel

<177T> = Hq, <Ii77ri> %
Hie] B; St Hie[ sBi

Since € is an L-subsystem of [],.; B7, by [39, Lemma 6, part 1], we get that 7 1(e) C [1;c; Bi. Moreover,

since € Coq [];c; B, we obtain that 7 1(€) Cyq [[;c; Bi. Now, since (I, 7) : 77 1(€) —»¢ € is a reduc-

tive £-morphism, we obtain, by [40, Proposition 16], that €* =2 7=1(C)*. Thus, we now have 2 = 7~ 1(&)*

and 7 1(€) Cyq [[;c; Bi with B; € K for all i € I, which yields that A € LPyq(K). O

Finally, the third part of the Reduction Operator Lemma is presented. It shows that L.S;c = LS; L. = S L,
where S;. is the operator of taking isomorphic copies of elementary subsystems of £-systems with isomorphic
functor components.

Lemma 5.4 (Reduction Operator Lemma III) LS;, = LS;c.L = S;cL.

Proof. We first show that LS;. = LS;.L in a manner very similar to the one used for the proof of Lemma 5.2,
and then we show that LS;. L. = S;.L.

First, to see that LS;. < LS;.L, let 2 be an L-system and K a class of L-systems, such that 2 € LS;.(K).
Thus, there exist ‘B, € with B € K such that % = ¢* and € C;. B. Then, by Lemma 5.1, there exists a strong
embedding (Ig;gne,7) : €/Q(B)® —¢ B* with an isomorphic functor component. But, in this case, we also
have that €/(9B)¢ = € and that $8* = 9B, and, hence, ¢/Q(B)¢ = B*, whence the embedding

<ISign¢>n> : Q:/Q(%)C s B*

is also elementary. Again, using [39, Lemma 6, part 2] and [40, Homomorphism Theorem 10], €/ Q(%)E is iso-
morphic to an elementary subsystem of B*. Now [40, Proposition 16] is invoked to complete the argument.

For the reverse inclusion, suppose that 2l is an £-system and K a class of £-systems such that 2 € LS;.L(K).
Thus, there exist L-systems B, € with B € K such that % = ¢* and € C;, 8. Consider the reductive £-mor-
phism (Ig; 7By . B s B*. By [39, Lemma 6, part 1], we get 7UB) (€) C; B. But, since € C;, B*,
we obtain, in this case, the additional fact that 7B~ (€) Cie B. Indeed, we have that for all L-formulas -,

—1 -1
all ¥ € [Sign™ (9], andall € SEN™ " (O(x),

2B (@) Ey y[F] iff €Eg y[@*]  (by the definition of #(®) 7 (¢))
iff B* Ex y[F*] (since € C; B*)
ifft By y[F] (by the definition of B*).
Again, the remaining of the argument matches now the argument given to conclude the reverse inclusion. There-
fore, LS;c = LS;.L has now been established.

To see now that LS;. L. = S;.L, it suffices to show that if 2, *B are two L-systems such that 2 C;, B and B
is Leibniz reduced, then 2 is also Leibniz reduced. To prove this, let ¥ € |Signﬂ , O, € SENm(E) such
that (, ) € Qx(2). This holds, by [40, Theorem 6], iff for all Leibniz £-formulas ((z, y), all &’ € |Sign®|,
and all f € Sign®(%,%),

A s Bz, y)[SEN*(£)(¢), SEN*(f)()],

which, in view of 2 C;, B, is equivalent to

By Bz, y)[SEN (f)(¢), SEN* (f)(¥)].
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Therefore, again by an application of [40, Theorem 6], we get that (¢, ¥) € Qx(B). (Note the necessity of C; for
this argument!) Thus, for all ¥ € |Sign®|, we have Q5 (2) C Qx(B) = A%EN%. Therefore Q(A) = A%ENQL
and 2 is Leibniz reduced. O

The Reduction Operator Theorem, the promised analog of the homonymous result of [11], summarizes the
results presented in Lemmas 5.2, 5.3, and 5.4.

Theorem 5.5 (Reduction Operator Theorem)
1. LS; = LS;L.

2. Forall O € {P,P¢,Py,Psq}, LO =LOL.
3. LSje = LS;eL = SieL.

We intend to continue the work presented in this paper with the goal of abstracting several of Elgueta’s results
to the present framework. Elgueta’s results generalize well-known results of the theory of models of first-order
logic to the equality-free context. The present framework leads to further generalization of these results to a
multi-signature equality-free context.
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