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CATEGORICAL MODELS AND QUASIGROUP HOMOTOPIES

GEORGE VOUTSADAKIS

ABSTRACT. As is pointed out in [Smith (1997)], in many applications of quasigroups
isotopies and homotopies are more important than isomorphisms and homomorphisms.
In this paper, the way homotopies may arise in the context of categorical quasigroup
model theory is investigated. In this context, the algebraic structures are specified by
diagram-based logics, such as sketches, and categories of models become functor cate-
gories. An idea, pioneered in [Gvaramiya & Plotkin (1992)], is used to give a construction
of a model category naturally equivalent to the category of quasigroups with homotopies
between them.

1. Introduction

Traditionally, when the categorical study of classes of algebras is undertaken the role of
morphisms in the categories under investigation is played by the ordinary homomorphisms
of universal algebra (see, e.g., [Borceux (1994)], Vol. II, Chapter 3). However, in the case
of quasigroups, a different kind of morphism may be more important, depending on the
application at hand, than ordinary quasigroup homomorphisms [Smith (1997)]. These are
quasigroup homotopies. A homotopy from a quasigroup Q = (@, -, /,\) to a quasigroup
P = (P, /,\) is a triple (hy, ho, h3) of set maps from @ to P, such that, for all z,y € Q,
hs(x - y) = hi(x) - ha(y) (see, e.g., [Smith & Romanowska (1999)], 1.4).

An alternative to equational logic for specifying algebraic structures is provided by
graph-based logics, such as sketches. [Barr & Wells (1990)] and [Coppey & Lair (1984),
Coppey & Lair (1988)] provide very readable introductions to sketches and a good part of
the first two sections of the present paper heavily draws on their treatment. In addition,
the 6th Lesson of [Coppey & Lair (1988)] contains sketches specifying many of the best
known algebraic and graph-based structures. Following [Barr & Wells (1990)] and [Coppey
& Lair (1984), Coppey & Lair (1988)], a sketch for quasigroups is given in the following
section. Model morphisms in model categories of sketches being natural transformations,
they are really tailored to capture the ordinary homomorphisms of universal algebra.
Thus, as it is shown in Section 3, the category of models of the sketch for quasigroups is
the category of quasigroups with homomorphisms between them.

This introduction motivates the main question we are faced with: What is the role of
homotopies in categorical quasigroup model theory, or, rephrasing, how may one capture
homotopies of quasigroups in the context of categorical quasigroup model theory? One
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feature of the sketch for quasigroups that spoils the admissibility of homotopies is the use
of direct squares and of the accompanying projections. Roughly speaking, these force a
natural transformation 7 from a model M to a model N to obey commutativity of

NQ2 Ule2

M(Q?) N(Q?) M(Q?) N(Q?)
M (py) N(p1) M(p2) N(p2) (1)
M(Q) ——5— N(Q) M(Q) ——5— N(Q)

whence 7g2 = 19 X ng and 79 becomes necessarily a homomorphism. If this problem is
to be overcome, one has to get rid of the direct squares which entails approaching the
design of the sketch with a different philosophy in mind.

What comes to the rescue is an idea, first exploited by Gvaramiya and Plotkin in
[Gvaramiya & Plotkin (1992)]. Its cornerstone is the introduction of different sorts for
each of the arguments of the quasigroup multiplication. In the present context, this has
the effect of transforming direct powers to direct products of different objects and, thus,
dissolves the difficulty imposed by the previous requirement that (1) commute. Based on
this idea, the notion of a *-automaton was defined in [Gvaramiya & Plotkin (1992)] and
it was shown that every quasigroup gives rise to an invertible x-automaton and that every
invertible x-automaton is isomorphic to one derived in this way by some quasigroup.

Adapting this idea to the present context, a modified sketch for quasigroups with
homotopies is presented, such that its models in the category of sets are the invertible
s-automata of [Gvaramiya & Plotkin (1992)] and the model morphisms between them,
which are homomorphisms of the multi-sorted algebras, correspond to homotopies between
the associated quasigroups. It is then shown in the last section that this model category
and the category of quasigroups with homotopies between them are naturally isomorphic
categories.

In [Smith (1997)], Smith showed, using a “semisymmetrization technique”, that the
category of quasigroups with homotopies is isomorphic to a category of homomorphisms
between semisymmetric quasigroups, i.e., quasigroups satisfying the semisymmetric iden-
tity (y-z)-y =~ x. The question remains open of whether Smith’s result may be exploited, in
the present context, so that a sketch be obtained having as its model category a category
isomorphic to the category of quasigroups with homotopies.

2. Sketching Quasigroups

[Barr & Wells (1990)] and [Coppey & Lair (1984), Coppey & Lair (1988)] “sketch” some
of the most commonly encountered algebraic structures. They are the source of the
graph-theoretic and categorical definitions that are used in this and the next section in
developing the standard sketch for quasigroups and showing that it corresponds to the
category of quasigroups with homomorphisms between them. Definitions that pertain
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directly to quasigroups and their morphisms may be found in [Smith & Romanowska
(1999)].

2.1. DEFINITION. A (directed) graph G = (V, E,s,t) consists of a set V of nodes or
vertices, a set ' of edges, and two functions s,t : E — V., associating with each edge e its
source vertex s(e) and its target vertex t(e), respectively. One writes e : s(e) — t(e)
in this case. Let G = (V,E,s,t) and G' = (V' E', s, t') be graphs. A graph morphism
h : G — G is a pair h = (hy, hs), with hy : 'V — V' and hy : E — E' satisfying
s'(ha(e)) = hi(s(e)) and t'(ha(e)) = hi(t(e)), for all e € E.

As an example and for future reference we introduce the graph G, with V, = {Q1, Q2},

E, = {p1,p2,m,l,r, (p1,m), (m, p2), (p1, 1), (r,p2) }, where s, and ¢, are given diagrammat-
ically as follows:

p17p27m7l77n : Q2 - Qla

<p17m>7 <map2>7 <p17 l>7 <r>p2> : QQ - Q2-

2.2. DEFINITION. Let G be a graph. A path in G is a sequence (e, ..., e,) of edges in
G, such that, for alli=1,...,n—1, t(e;) = s(e;y1).

Two paths p = (e1,...,e,) and ¢ = (f1,..., fm) in G are said to be parallel if
s(er) = s(f1) and t(e,) = t(fm)-

An equation in G is a pair of parallel paths p and q as above, and is usually denoted
by enen-1...€1 = fofm-1... f1.

The following are equations in the graph G, defined previously.

P <P1>m> ~ P1 p2<p1,m) ~m P1 <m>P2> ~m p2<m,p2> ~ P2
p1<p1,l) ~ P1 p2<p1,l) ~ pl(ﬁp2> =T p2<7’,p2> ~ P2
Also
[{p1,m) = po r{m, pa) = p1
m(p1,1) = pa m(r, pa) = p1

2.3. DEFINITION. Let G be a graph. A diagram d in G is a graph morphism d : D — G,
where D = (U, F,o,7) is the shape graph of d.

A cone v <d in G with vertex v and base d consists of a diagram d in G, a vertez
v € V and a collection of edges {e, : u € U}, called projections, such that s(e,) = v
and t(e,) = d(u), for alluw € U. The cone v<d is said to be discreet or a product cone
if F =0 and o finite product cone if, in addition, |U| < w.

Let, for instance, D, = (U, Fy, 04, 7,) be the graph with U, = {uy,us}, F, = 0 and
d, : D, — G, the diagram in G, determined by d,i(u1) = dp(uz2) = Q1. Define the
cone Q2 <d, in Gy by specifying that p; : Q2 — @1 and py : Q2 — Q1 be the two cone
projections.
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2.4. DEFINITION. [Barr & Wells (1990)] A limit sketch S = (G, Q, L) consists of a
graph G, a set Q) of equations in G and a set L of cones in G. If all cones in L are product
cones then S is called a product sketch and if they are all finite, then S is called a
finite product sketch or an FP-sketch.

Let S, = (G4, Qg Ly) be the sketch with graph G, set of equations @),, containing
all the equations displayed above, and set of cones L, = {Q2 < d,}. S, is the sketch for
quasigroups.

2.5. DEFINITION.  Let § = (G,Q, L) be a limit sketch and C a category. A model
M:8 —C of S inC is a graph morphism M : G — C, where C' is the underlying graph
of C, such that all equations in QQ become commuting diagrams in C and all cones in L
become limit cones in C.

Given two models My, My of S in C, a model morphism h : M| — My is a natural
transformation from My to My, i.e., a family h, : Mi(v) — Ms(v),v € V, of morphisms
in C, such that, for all e € E, with s(e) = vy,t(e) = vq, the following rectangle commutes

i C:

M (vr) L Ms(vy)
Ml(e) MQ(G)
M1(112> th MQ(’UQ)

Models of S in C together with model morphisms form a category, which is denoted by
MOdc(S)

In case C is a category with specified limits, a model of S in C has to carry all cones in
L to specified limit cones and a model morphism has to preserve all limits corresponding
to limit cones on the nose.

2.6. DEFINITION. A quasigroup Q = (Q,-,/,\) is a set Q equipped with binary
operations x -y or, simply, vy of multiplication, z/y of right division and z\y of left
division, such that the following identities hold:

r\(v-y) =y (z-y))y~=x
T (z\y) =y (z/y) -y~

Let Q and P be two quasigroups. A quasigroup homomorphism h : Q — P is a
function h : Q — P, such that h(x -y) = h(z) - h(y), for all z,y € Q.

A triple (hy, ha, h3) : Q — P of functions from @ to P is a quasigroup homotopy
if ha(z - y) = hi(x) - haoly), for all z,y € Q.

Note that, if h : Q — P is a quasigroup homomorphism, then, for all z,y € @,
h(xz/y) = h(x)/h(y) and h(x\y) = h(x)\h(y). Similarly, if (hi,hs,h3) : Q — P is a



CATEGORICAL MODELS AND QUASIGROUP HOMOTOPIES )

quasigroup homotopy, then hy(x/y) = hs(x)/he(y) and ho(z\y) = hi(z)\hs(y), for all
x,y € () (see [Smith (1997)]).

We denote by Set the category of all small sets and by Set_, the category of all small
sets with the usual specified limits. The same notation will also be used to denote the
underlying graphs of these two categories for simplicity. The following proposition is a
first step in relating the notions that were introduced in this section.

2.7. PROPOSITION.  Let Q = (Q,-,/,\) be a quasigroup. Define the graph morphism
Mq : G, — Set_,, as follows:

Mq(Q1) =Q Mq(Q2) = Q x Q
Mq(p1)((7,y)) =z Mq(p2)((z,y)) =y
Mq(m)((z,y)) =2y Mq()((z,y)) = z\y
Mq(r)((z,y)) = x/y

Mq((p1,m))((z,y)) = (z,2-y) Mq({m,p2))((z,y)) = (z-y,y)
Mq((p1,D)((z,y)) = (z,z\y)  Mq({r,p2))((z,y)) = (z/y,y)

Then Mg is a model of S, in Set_..

In addition, quasigroup homomorphisms give us concrete examples of model mor-
phisms in Modget . (S;):

2.8. PROPOSITION. Let Q,P be two quasigroups, h : Q — P a quasigroup homomor-
phism and Mq, Mp : S, — Set_, the two models of S, in Set_, defined as in Proposition
2.7. n: Mg — Mp, defined by ng, = h and ng, = (h,h) is a model morphism of S, in
Set_..

3. Homomorphisms of Quasigroups

It is now shown that the only objects in Modget . (S,) are the ones given by Proposition
2.7 and, similarly, that the only model morphisms in this category are the ones provided
by Proposition 2.8. What role do homotopies play in the context of the categorical model
theory of quasigroups? The use of direct squares and, more generally, direct powers and
the associate projections in the sketch that specifies a particular structure makes it im-
possible to accomodate homotopy-like morphisms in the form of natural transformations.
To answer this question a new categorical specification of quasigroups will be introduced
in the next section. The trick is to specify multiplication as a multisorted operation
distinguishing between the values that can be substituted for each of its arguments (see
[Gvaramiya & Plotkin (1992)]).

3.1. PROPOSITION.  Let M : S, — Set_, be a model in Modget . (S,). Then (M(Q1),
M(m), M(r), M(l)) is a quasigroup.
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PROOF. Since Q; & Q, 3 Q, is carried by M to a specified product cone, we have

M(Q2) = M(Q1)xM(Q1), with M (p1), M (p2) the first and second coordinate projections,

respectively. Now it is clear that M (m), M (r) and M (1) are binary operations on M (Q).
The pair of equations

p1<p1,m) ~ P1 p2<p1,m) ~m,

interpreted in M, give, for all (z,y) € M(Q1)?,
M (py)(M ({pr,m))(x,y)) = M(p1)(2,y) and

M (p2)(M({p1, m))(,y)) = M(m)(z,y),

whence, since M (p;) is the i-th projection, i = 1,2,

M((pl,m>)(:c,y) = (‘73’ M(m)(x,y)), for all z,y € M(Ql)

Similarly, one obtains that
M((m, p2))(2,y) = (M(m)(x,y),y),

M((pr, ) (x,y) = (2, M(I)(z,y)) and
M((r,p2))(z,y) = (M(r)(z,y),y), forallz,ye M(Q).
Now from I(p1,m) & py we get M(1)(M({p1,m))(z,y)) = M(p2)(x,y), whence
M (1) (z, M(m)(z,y)) =y,
and, similarly,

M(r)(M(m)(z,y),y) ==, M(m)(x, M()(z,y)) =y, and

M(m)(M(r)(z,y),y) = .
Thus (M(Q1), M(m), M(r), M(l)) is a quasigroup, as claimed. "

A similar result is obtained next concerning the morphisms in the model category
MOdSet_) (Sq) .

3.2. PROPOSITION. Let M,N : S, — Set_. be models in Modget . (S,) andn: M — N a
morphism in Modget_. (Sy). Then ng, : M(Q1) — N(Q1) is a quasigroup homomorphism
from (M(Q1), M(m), M(r), M(1)) into (N(Q1), N(m), N(r), N(l)).
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PRrROOF. It suffices to show that,
for all z,y € M(Q1), 1, (M(m)(x,y)) = N(m)(ng, (), 1¢, (¥)),

i.e., that the following rectangle commutes

M(Qy) % M(Qy) —2 2120, (@) x N(Qy)

M(m) N(m)

M(Q)) T N(@Q)

Since M(Q1) X M(Q1) = M(Q2) and N(Q1) x N(Q1) = N(Q2), this would certainly be
true if ng, X ng, = ng,. But, since n : M — N is a natural transformation, we have
commutativity of

M(Q1) x M(Q1) 22 N(Q1) x N(Q1) M(Q1) x M(Q1) —- N(Q1) x N(Q1)
M(Pl) N(Pl) M(p2) N<p2)

M(Q1) N(Q1)

N(Q1) M(Q1)

Q1 11Q:

whence
7]Q2(l‘, y) = (an (ZE), an(y))v for all T,y € M(Ql)a
as required. n

The results that we have obtained so far may be summarized in the following

3.3. THEOREM. Modsget . (S,) is the category corresponding to the usual universal
algebraic variety of quasigroups, i.e., the category of quasigroups with homomorphisms
between them.

Next, let M : §; — Set be a model of §; in Set. Since Set is not assumed to have
specified limits, it is not necessarily the case that M (Q2) = M (Q1)x M (Q1). One may now
only conclude that M (Q2) = M(Q1) x M(Q1). Denote by ¢nr : M(Q1) x M(Q1) — M(Q-2)
the isomorphism that makes the following diagram commute

M(Q1) x M(Qn)

1 Om 2

|

M(Qy) M) M(Q2) Mip) M(Qn)

where 7, Ty are the ordinary coordinate projections in Set.
The following propositions show that the model category obtained is essentially the
same as before modulo the isomorphism ¢,,.
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3.4. PROPOSITION.  Let M : S, — Set and ¢pr : M(Q1) x M(Q1) — M(Q2) be as
above. Then (M (Q1), M(m)oar, M(r)par, M(1)dar) is a quasigroup.

PROOF. It is clear that M(m)o, M(r)¢y and M (1)py, are binary operations on M ((Qy).

pi(p1,m) ~pr and pa(pi,m) =~ m
give
M(p)M({p1,m)) = M(p1) and M(p2)M({p1,m)) = M(m),

whence

M (p1)M({p1,m))par =m and M (pa) M({p1,m))drr = M(m)ou,

which together imply that

M ((p1,m))drr = dar{me, M(m)dar).

Similarly, we obtain
M(<m;p2>)¢M = ¢M<M<m>¢M77TZ>7 M(<p1, l>)¢M = <Z5M<7T1, M(l)¢M>

and M ((r,p2))drr = drr (M (r)dar, ma).
Now, we have M ()M ({p1,m)) = M (py), whence

MM ((pr,m))onr = M(p2)onr,  ie., M(L)@ur(m, M(m)on) = mo.

Similarly, one may obtain the remaining three identities for the quasigroup (M (Q;),
M (m)éar, M (1), M(1)dar). -

Similarly, one obtains the following proposition, whose proof is omitted.

3.5. PROPOSITION.  Let M,N : S, — Set and ¢p : M(Q1) x M(Q1) — M(Q2),
on - N(Q1) X N(Q1) — N(Q2) be as above. Suppose that n : M — N is a mor-
phism in Modget(S,). Then ng, : M(Q1) — N(Q1) is a quasigroup homomorphism from
the quasigroup (M (), M(m)nr, M(r)éar, M(D)éar) to the quasigroup (N(Q1), N(m)ow,
N(r)gn, N(D)¢n)-

So, what modification is needed in the quasigroup sketch, so that its model category
be the category Qtp of quasigroups with quasigroup homotopies between them? In the
next section a modified sketch is introduced whose model category will be shown to be
naturally equivalent to Qtp. We do not know, however, whether a limit sketch exists
whose category of models is isomorphic to Qtp. Smith’s semisymmetrization result in
[Smith (1997)] may prove helpful in answering this question.
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4. The Modified Sketch

The new graph G; has vertex set

Vi= {Qla QZ? Q37 Q127 Q137 QSQ}

and its edges are given diagrammatically as follows:

pP t Q12 — G P;Q t Q12 — Q2

and, similarly, for p}3, pi? and p3?, p3?,

m:Qia — Q3 [:Qi3 — Q2 T Q32 — (1

and, finally,
<m,p§2> t Q12 — Q32 (p?,m) t Q12 — Qs
(p}3, l) 1 Q13 — Q2 <T7P§2> 1 Q32 — Q2.

The following is a list of equations in G;. The set of these equations is denoted by Q) :

pi(pr®,m) = pi® pP(prt,m) = mo pit(m,py°)

m p3*(m,pi?) ~ pi?
pi*(p®, 1) =~ p§? P ) =~ pi%(r,p3?) ~r

py(r,p3*) ~ pi?

~
~
~
~

12

l<p%27m> ~ p%Q T(m,p§2> ~ p?1)2

m(pi®, 1) = ps’ m(r,p3’) = pj
Compare the equations in (); with those in ), displayed in Section 2.
Finally, let L; be the set consisting of the following cones, given in diagrammatic form

QIQ Ql3 Q32
pV wz p%f”/ \p%f’ p?/ w2
o3 Q2 Qs Q3 Q2

Let §; = (Gy, Qy, Ly) be the sketch with graph G, set of equations @); and set of cones
L;, as constructed above. S; is the sketch for quasigroup homotopies.
Now the following proposition may be easily verified.

4.1. PROPOSITION. Let Q = (Q,-,/,\) be a quasigroup. Define the graph morphism
Nq : Gy — Set_, as follows:

Nq(Q1) = Nq(Q2) = Nq(Qs3) = Q,

Nq(Q12) = Nq(Q13) = Nq(@32) = Q x Q,
Nq(p*)(x,y) = No(p1*)(z,y) = Nq(pi*)(z,y) = =

and
Nq(py*)(z,y) = No(ps®)(z,y) = No(3)(z,y) = v,
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Nq(m)(z,y) =z -y Nq()(z,y) = z\y Nq(r)(z,y) =z/y
Nq((m,p?))(x,y) = (ZE ' y7y) NQ((]?%Q,TI’L)) l’,y) = ({L’,CL’ : y)
Nq((p1*, D) (z,y) = (z,2\y) No({r,p3°))(z,y) = (z/y,y)

Then Nq is a model of S; in Set_,.

Moreover, by analogy with Proposition 2.8, we have the following:

4.2. PROPOSITION.  Let Q,P be two quasigroups, (hi,hs,hs) : Q — P a quasigroup
homotopy and Nq, Np : S — Set_, the two models of S; defined as in Proposition 4.1.
n: Nq — Np, defined by

N, =M nQ, = ho nQs = hs
NQ12 = (hh h2> NQ1s = (hla h3) NQse = (h37 h2)7

1s @ model morphism of S; in Set_,.

5. Homotopies of Quasigroups

In this section, it is shown that the category of models Modsget_, (S;) essentially contains
quasigroups with homotopies between them. More precisely, that Modget_, (S;) is nat-
urally equivalent to Qtp. The proof is based on the fact that the three sets in which
the vertices Q1,2 and Q)3 of GG; are mapped in Set_, by any model M : §; — Set_,
are isomorphic. So up to isomorphism, i.e., a renaming of the elements corresponding
to Q1 and @y, M will be shown to define a quasigroup with universe M (Q3). Then all
model morphisms in Modget_, (S;) between two models M and N may be appropriately
translated to homotopies between the quasigroups with the universes M (Q3) and N(Q3).

5.1. LEMMA. Let M : 8§ — Set_, be a model in Modget . (St), xpr € M(Q1) and
Ym € M(Q2> Then ¢y1w : M(Ql) - M(Qi’)) and wxM : M(QQ) - M(Qi’))a deﬁned by

¢yM (x) = M(m)(x: yM) and ¢$UIM (y) = M(m)(xM7 y)?
for all x € M(Q1),y € M(Q2), respectively, are bijections.

PROOF. We only show that ¢,,, : M(Q1) — M(Q3) is a bijection. The case of 1,,, may
be handled similarly.
Suppose 1,22 € M(Q1), with ¢,,,(x1) = ¢y,,(z2). Then

M<m>(x17yM) = M(m)(x%yM)v

whence M (r)(M(m)(z1,ynm), ysr) = M(r)(M(m)(xa,yn), yn) and, therefore, a3 = .
Thus ¢,,, is one-to-one.
Next, let z € M(Q3). Then, for z = M (r)(z,ym) € M(Q1), we have

¢ym($) = M(m)(z,yp) = M(m)(M(r)(z,ynm), ynmr) = 2.

Thus, ¢,,, is also onto. (]
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With Lemma 5.1 at hand, it may now be shown that Modget_, (S;) is essentially the
category Qtp of quasigroups with homotopies between them. Note that, because of
Lemma 5.1, to make the correspondence that is established between Modges_. (S;) and the
category Qtp of quasigroups with homotopies between them natural we must fix a way
of choosing the elements z); and yy, in M (Q1) and M(Q)3), respectively. Luckily enough
any choice will do. To this end, an arbitrary choice function ¢ for the class |Set_| — {0}
will be fixed later in the section.

The work is divided again into two steps. In the first we deal with objects and in the
second with morphisms in Modget . (S;).

5.2. PROPOSITION. Let M : S; — Set_, be a model in Modget_, (St), xp € M(Q1) and
ym € M(Q2). Then

<M(Q3)a M(m) <¢;A147 7#;;4% ¢yMM(r) <iM(Q3)> w;j&{>’ wCEA{M(Z)<¢y_]\}[’iM(Q3)>>
1S G qQUaSIGroup.
PROOF. Using Lemma 5.1, it is easy to verify that M(m){(¢, L, v L), ¢y, M(r){inqs),
Vb ) and ¥a,, M(1)(¢, , inr(qs)) are all binary operations on M(Q3). So it suffices to show

that they obey the quasigroup laws. We only verify one of the four laws. The proofs of
the remaining three are very similar.

Vo M1y ina@a)) (@, M(m)(oy, 5 ) (@, y))
= Vay, M(1)(9,,, (), M(m) (8, (), ¥y, (1))
= Yy (Vs (W) = 0,
the second equality being valid because of the corresponding equation imposed by Q. =

Given amodel M : S; — Set_., ) € M(Q1) and yy € M(Q2), denote by My . (Q3)
the quasigroup

(M(Q3), M(m)(y,, Yz )s P M) (iar(@a)s Vi) s Yirre MDD i01(Qa))
associated with it by Proposition 5.2.

Now for the morphisms in Modget_. (S;) we have the following proposition.

5.3. PROPOSITION. Let M,N : 8§ — Set_, be two models in Modset  (S;), Ty €
M(Q1),ym € M(Q2),xzxy € N(Q1) and yny € N(Q2). Finally, let n : M — N be a
morphism in Modset . (S¢). Then

(¢yNnQ1¢y_]\147 wiﬁN”Q2¢w_]\14777Q3) : M(Q3) - N(Q?»)

is a quasigroup homotopy from My . (Q3) into Ny . (Q3).

TNYN
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Proor. We need to show that

Qs (M (m) (b, V) (,9) = N(m)(e, 0, Vi) (SynTior Gys (), Yay M@ Viy, (1))
We have
N(m) by s Yo NPy 101 Pys () 102V (0)) = N(m) (00, Sy (%), 102V, (9))
= N(m)((1g, n@:) (¢, (1), ¥ (1))
= s (M(m){dyrs V) (2,9)),
the last equality being valid because n : M — N is a natural transformation. .

Now suppose that there is available a choice function ¢ for the class [Set_.| — {0} of
all nonempty sets, i.e., for all X € |Set_ |, X # (), ¢(X) € X. Then, it can be shown that
the category Qtp of quasigroups with homotopies between them is naturally equivalent
to Modget_, (S)-

The functor F : Qtp — Modges_, (S;) is defined by

F(Q) = Nq, forall Q € |Qtp|,

and, given (hq, ho, h3) € Qtp(Q, P), F((hy, ha, h3)) is the model morphism in Modges_, (S;)
defined in Proposition 4.2.
The functor G : Modget_, (S;) — Qtp is defined by

G(M) = MiarQu ez (@), for all M+ &, — Set._,

and, given n € Modget . (S;)(M, N),

G(n) = (Pe(N(@2 )77621@5( (Qz)y%(N(Ql))”Qz%_(zlw(Ql)y77623)-

It is a routine calculation to check that F' and G are indeed functors. So to prove the
natural equivalence it suffices to exhibit natural isomorphisms p : Iy — G o F' and
V : IModge, _(s;) — F o G. Note that G(F((Q,-,/,\))) is the quasigroup with universe @
and multiplication, right division and left division given, respectively, by

(z,y) = (2/c(Q)) - (c(@)\y)
(z,y) = (2/(c(@Q)\y)) - c(Q)
(2,9) = Q) - (#/e(Q)\y).

\_/Q\_/

So, it is natural to define

,qu([L’) =T c(Q)»MQQ(x) = C<Q) ’ l’,ﬂQg(l’) =,

ie.,
HQ1 = ¢C(Q)7 HQ2 = wc(Q), HQs = iQ.
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pq is an isotopy and, for all Q,P € |Qtp|, and (hy, ho, h3) € Qtp(Q, P), commutativity

of
HQ

Q G(F(Q))
(ha, ho, hs) G(F((hy, ha, h3)))
P —— G(F(P))

is easy to verify. For instance, for the first component, diagram chasing gives

(De(Py1D500)) Be(@) = De(r)In

Next, given M : S; — Set_,, the model F(G(M)) has

F(G(M))(Q1) = F(G(M))(Q2) = F(G(M))(Qs) = M(Qs)

and, moreover,

F(G(M))(m) = M(m)(gb_(l M(Q2)) 1/’_(11\/[(Q1))>
FGOD)(1) = e M () ianian) Uiy
F(G(M))(1) = w i@y M) (6 It

So, now, we define

v (Q1) = be(m(Qa))s VM (Q2) = Ve(rr(@u)) Vm (@3) = irr(Qs)-

Clearly, vy, is also an isotopy and, for all M,N : & — Set_, and n : M — N in
Modget . (St), commutativity of

MM F(G(M))

may be verified as follows:

(F(GMm)ovm)g, = F(G ())leM(Ql)
Pe(N(@2)) 101 P01 (@) PelM(
De(N(Q2)) Qs
VN<Q1)77Q1

= (VNon)Q1

anda Similar1Y7 for Q27 Q37 Q127 QlS and Q32-
We have, thus, shown the following
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5.4. THEOREM. The category Qtp of quasigroups with homotopies between them and
the model category Modset_, (S;) of the product sketch S; in Set_. are naturally isomorphic
categories.
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