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Cubic Surfaces

The ground field k = k has characteristic not equal to 2 or 3.

©

o Consider a homogeneous polynomial of degree 3
f =1f(x0,x1,x2,X3) € k3[X0,X1,X2,X3].
o Consider, also, the corresponding cubic surface:
S={(x0:x1:x:x3) € P} : f(x0,x1,%,x3) = 0O}

o We assume that S is smooth, which is the case for general cubics f.

o This means that there is a Zariski open subset of cubic polynomials f,
such that S is smooth.
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Cubic Surfaces

o The main result of this section is the following.

Every smooth cubic surface S‘;IP?( contains a line.

o First we show that, the exists a point P € S, such that, for the
intersection
CP =5n TPS,

one of the following holds:

o Cp contains a line;
o Cp is a plane cubic with a cusp.

As a consequence:

o In the first case, we obtain the line required.
o In the second case, we show that there is a line in S passing through a
point on Cp.
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Cubic Surfaces

Lemma

Two surfaces in IPi have nonempty intersection.

o The proof is analogous to the proof of the corresponding lemma for
plane cubics.
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Cubic Surfaces

Lemma

Let S be a smooth cubic surface. Then, for every point P€ S, the
intersection
Cp:= Sn TPS

is a singular plane cubic curve. There is a point P in S, such that Cp is
either reducible or a plane cubic with a cusp (a semicubical parabola).

o A reducible cubic surface is singular.
Since S is smooth, S is irreducible.
So S does not contain TpS.
Therefore, Cp is indeed a curve.
S is defined by a cubic.
Its restriction to a linear subspace is also given by a cubic.
So Cp is a plane cubic curve.
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Cubic Surfaces

o We show, next, that P is a singularity of Cp.
Choose coordinates so that:
o P=(0:0:0:1)€eS;
o TpS={xx =0}

In affine coordinates x, y,z, the equation f of S is then given by

f=z+q(x,y,z)+h(xy,z),

where:

o g is a homogeneous quadratic polynomial;
o his a homogeneous cubic polynomial.

In homogeneous coordinates we have
2
f =xox5 + q(x0, X1, X2)x3 + h(x0, X1, X2).

Hence, f |ix,=0; vanishes quadratically at P.
So Cp is singular at P.



Cubic Surfaces

o Now suppose that Cp is irreducible for all points P€ S.
We must show that, for some P, the curve Cp is a cuspidal cubic.

As in a preceding proof, the tangents of Cp at the point P are given
by the factors of the quadratic form g(xo,x1) = q(xo,x1,0).

Cp has a cusp if and only if the two tangents lines are equal.
Equivalently, iff g is the square of a linear form.
Write

2
q(Xo,Xl,Xg) = Z ajjXiXj, with ajj = aji.
ij=0
Then g is a square iff the matrix A = (ajj)ij=0,1 has rank 1.
But g is not identically zero.

agy 4ol ) —0

So this is equivalent to det(
aio 411
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Cubic Surfaces

o Consider, next, the Hessian of f,

2
Hf:=det( o°f ) .
0x;0X; i

Similar to the Hessian of a cubic curve, a transformation of
coordinates, given by a matrix M € Gl(4, k), results in

Hr- = (detM)*(Hr)",

where:
o f*=foM:;
() (Hf)* E HfOM.
Recall that now f has the form

f= X2X32 + q(x0,x1,x2)x3 + h(x0,x1, X2),

with 2
q(Xo,Xl,Xg) = Z ajjXiXj, djj = dajj.
i,j=0
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Cubic Surfaces

o So we get

2300 2301 2302

2310 2311 2312

2320 2321 2322
0 0 2

From the form of this matrix we have

Hf(P) =det

O N OO

He(P)=0 iff det( 20 201 ):o.
ai  an
Thus, Cp is a cubic with a cusp iff Pe Sn H, where H = {Hr = 0}.
It remains to show that SN H is nonempty.
But f is a cubic.
So H must be one of the following:

o IPi, in which case SNH =S # @;
o A cubic surface, in which case we use the preceding lemma.
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Cubic Surfaces

o We want to know when a line is contained in a cubic surface.
o Any line can be given as the line PQ through two points P and Q.

o So we introduce the following concept, which will help us determine
when the line PQ is contained in the surface {f =0}.

Definition (Polar)

For a homogeneous cubic polynomial f in xg,...,x3, the polar of f is

defined by

3, of

(X0 s X31Y0r -, Y3) 1= Y — Vi
( ) ,-godx,- !
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Cubic Surfaces

For P€ S, by definition of the tangent space, we have

©

PQcTpS iff A(P;Q)=0.

For arbitrary points P # @, an elementary computation shows that

©

F(AP+pQ) =A3f(P)+ A2 ufi(P; Q)+ Ap* A(Q; P) + 1P F(Q).

So we have

©

PQcS iff f(P)=A(P;Q)=A(Q;P)=r(Q)=0.

Now we determine when two or more polynomials have a common

©

ZEro.
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Cubic Surfaces

Definition (The Resultant)

Let r and s be homogeneous polynomials in variables u and v, given by

r(u,v) = agu?+ajuv+axv?,

s(u,v)

The resultant of r and s is given by

a 4d1 a2

ap a1

R(r,s):=det ag
bo b1 b

by bp
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Cubic Surfaces

o The matrix

a a1 a2
a d1 a2
ap di1 a2
bo b1 by b3
bo b1 by b3

is known as the Sylvester matrix.

o The resultant R(r,s) is also known as the Sylvester resultant.
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Cubic Surfaces

Lemma

Two homogeneous polynomials r and s of degree 2 and 3, respectively,
have a common zero in Py if and only if R(r,s)=0.

o Consider the 5-dimensional vector space V of all homogeneous
polynomials of degree 4 in v and v.

The rows of the Sylvester matrix are the coefficients of
u?r, uvr, v2r, us, vs,

in terms of the standard basis of monomials for this space.

The determinant, i.e., the Sylvester resultant, is zero if and only if
there is a linear relation between these polynomials.
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Cubic Surfaces

o A linear relationship between u?r, uvr,v2r,us,vs can be written as

qr =1Ys,

where:

o g=q(u,v) is homogeneous of degree 2;
o £=10(u,v) is linear.

This equality implies that gr and ¢s have the same zeros.
This is only possible if r and s have a common zero.

On the other hand, suppose r and s have a common zero.
Then so do the five polynomials.

This means that they certainly cannot span V.

So they must be linearly dependent.
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Cubic Surfaces

Every smooth cubic surface S ¢ IP?( contains a line.

o Suppose, first, Cp =S5n TpS is reducible for some point P€ S.
Then Cp, and thus S, contains a line.
Suppose, next, that Cp is irreducible.

By a preceding lemma, we can assume that there is a point P, such
that Cp has a cusp.

By a transformation of coordinates, we can assume that:
o P=(0:0:1:0);
o TpS={x3=0}
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Cubic Surfaces

o By the proposition classifying irreducible singular cubics, we can
further assume that

Cp= {xgx2 —x13 =x3 =0}
Thus, the equation f of S has the form
if = xgx2 —xf’ + X34,

for some homogeneous polynomial g = g(xp,...,x3) of degree 2.
But S is smooth at P.

So we have g(0,0,1,0) #0.

By scaling, we can assume that g(0,0,1,0) =1.
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Cubic Surfaces

o We show that S contains a line through a point on Cp.
Points on Cp are parametrized by P, :=(1:a:a3:0), for a € k.

We can represent any line through P, by a line P, Q through P, and
QR =(0:x1:x2:x3), for some point Q in the plane {xp = 0}.
We have the equivalence

PQcS iff f(P)=A(P;Q)=HA(Q:P)=1f(Q)=0.
Since f(Pg) =0, we obtain
P,QcS iff A(Pa;Q)=f(Q;Pa)=F(Q)=0.
Let Ay, By and C, denote, respectively,
f(Pa; @), A(Q; Pa), f(Q) € k[a][x1, %2, x3].

These are homogeneous polynomials in x1,x2,x3 of degree 1, 2 and 3,
respectively, with coefficients given by polynomials in a.



Cubic Surfaces

o We now use resultants to determine whether two polynomials have a
common root.

We define a polynomial Ry7(a) to be the resultant

Ro7(@) := R(Ba(x1, Ag(x1,x3),x3), Ca (X1, Aa(x1,X3), X3)),

where xp = Ag(x1,x3) is determined by the linear polynomial A,.
The preceding lemma implies that R7(a) satisfies

Ry7(a)=0 iff Ag,Bg, Co have a common zero (nq:&q:Tq).

Suppose g is a root of Ro7(a).

Then the line Py, @ with Q = (0:144 1 Eap : Tap) lieson S.
Consequently, it suffices to prove that Rp7 has a root.

It suffices, in turn, to show that R»7 is nonconstant.

We will do this by explicitly computing Ro7.



Cubic Surfaces

o Consider the equation
_ _ 2 3
f=1f(x0,...,X3) = XX — X{ +X38.
Its polar fi(xo,...;-..,¥3) is given by
f1 = 2x0x0Y0 —3X12y1 +ng2 +g(x0,-.-,x3)y3 +x381(x0,-.-;

where gy is the polar of the quadratic equation g.
The polynomials Ay, By, C, are then given by

Ay = -3a’x;+x+g(la,a3,0)xs,
Ba = _3aX]?+X3g1(1rar a3,0;O,X]_,X2,X3),
Ca = _X% +X3g(OrX17X27X3)-

Now g is quadratic and g(0,0,1,0) =1.

5 ¥3),

So we define a(®) := g(1,a,a3,0) = a® + terms of lower order.
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Cubic Surfaces

o From A, =0, we have
Xp = 3a3x1 - 3(6)X3.
Substituting in B, gives the expression
By = —3ax12 +x3g81(1, a, a3,0;0,x1,3a°x; — 3(6)X3,X3).

Now g1(1,a,a3,0;0,x1,x2,x3) is linear in x,x and xs.

So we have
By = b0X12 + b1 xix3 + b2X§’
with
by = -3a,
by = gl(lya;a3,0;0,1,3a2,0):6a5+...,
by = gl(lya,a3,0;0,0,—a(6),1):—2a9+...’

where the dots denote terms of lower order.
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Cubic Surfaces

o Similarly, substituting

Xy = 3a3x1 - 3(6)X3

in Cy gives
3 2 6
(= —X1 +X3g(0,x1,3a X1 — a( )X3,X3).

We obtain

C, = 3 2 2 3

a = CoX1 t+ C1Xy X3 + CoX1X3 + C3X3,
where
G = _]-r

a = g(0,1,3a2,0)=9a4+..,y
& = g1(0,1,3a2,0;0,0,_a(6),1) - —6a8+--
G = g(O,O,—a(G),1)=a12+..._
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Cubic Surfaces

bg b1 b
bo by by
o By definition we have Ry7(a)=det by by by

Q ¢ o c3
Q© 1 @
The leading term of Ry7 is given by the leading term of the
determinant of the matrix of leading terms.
This is the matrix obtained by replacing b; and ¢; by their leading

terms, assuming this determinant is nonzero.
Thus the leading term of R»7 is given by

-3¢ 6a® -2a° 3 6 -2
-3¢ 6a® -2a° 3 6 -2
det -3a 6a® —2a° =a?7 3 6 -2 |=a?".
-1 9a* -6a8 al2 -1 9 -6 1
-1 9a* —6a8 al2 -1 9 -6 1

It follows that Rp7(a) is a polynomial of degree 27.
In particular it is nonconstant.
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Cubic Surfaces

Let S be a cubic surface.
Suppose S contains a point P, such that SN TpS is a cuspidal cubic.

©

©

©

The preceding proof shows that there is a polynomial R, of degree 27,
such that every root of R, gives rise to at least one line on S.

It follows that if the roots of R, are distinct, we should expect S to
contain at least 27 lines.

©
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Subsection 2

The Configuration of the 27 Lines
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Cubic Surfaces

o We show that:
o There are 27 lines on a smooth cubic, and determine their
configuration;
o Every smooth cubic surface is rational.

o Consider the quadric

n
QZ{ Z a,'jX,'XJ'ZO}QIPZ, ajj = ajj.

i,j=0

Lemma
The quadric @ has singular locus given by the linear subspace

SingQ =P(ker(A)) = {xe P} : Ax =0},

where the symmetric matrix A= (aj;) is the matrix of the quadratic form
corresponding to Q. In particular, Q is smooth if and only if A has
maximal rank n+1.
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Cubic Surfaces

o By the Principal Axes Theorem, there is an invertible matrix M, such

that
1

MAtM = 0 =E,.1.

0
The matrix M induces a transformation of coordinates.
This transformation maps Q to the quadric

Qre1=0G ++-+x2=0},

where r=rk(A)-1.
It is then easy to see that

SingQr+1=1{x0="--=x, =0} =P(kerE,+1).
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Cubic Surfaces

Definition (Rank)

Consider the quadric

n
Q= { Z ajjXjXj = 0} cP?, ajj = ajj.

ij=0
The rank of Q is defined to be the rank of the corresponding matrix
A= (au)

The rank is well defined, even though A is only determined up to
multiplication by a nonzero scalar.
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Cubic Surfaces

Proposition
Let S be a smooth cubic surface.

If E is a plane, then ENS is either an irreducible cubic curve, or a
conic and a line, or three distinct lines.

The surface S contains at most 3 lines through any given point P€ S.

If S contains two or three lines passing through a point P€ S, then
these lie in a plane E.

Moreover, ENS has one of the possible configurations shown below.

/N
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Cubic Surfaces

As in a preceding proof the intersection ENS is a plane cubic curve.
So we must show that EnS does not contain a multiple line.

By a multiple line, we mean a line L, such that
EnS=2L+M,

for some line M, possibly with M = L.
Suppose, to the contrary, that ENS has this form.

Choose coordinates so that E = {x3 =0} and so that the multiple line is
given by
[={X2=X3=O}§Eﬂs.
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Cubic Surfaces

o These assumptions imply that the defining equation of S has the form
f =X§g(X0,X1,X2)+X3h(Xo,X1,X2,X3),

where degg =1 and degh=2.
Consider the set

A:=¢n{h=0}={(x0:x1:0:0): h(x0,x1,0,0) =0}

Since k is algebraically closed, A # @.

However, the points in A are singular points of S.

This contradicts the fact that S is smooth.

Note that if /=S is a line, /= Tpl < TpS.

So any line £ < S, passing through P, lies in the tangent space TpS.
Thus, it suffices to take E = TpS.

Since S is smooth, TpS is a plane.

So the result follows from Part (1).
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Cubic Surfaces

Proposition
Let S be a smooth cubic and £< S a line. Then there are exactly 10 lines
in S which intersect £. These lines are given by five pairs of lines (¢;,¢}),
1<i<5, which have the following properties:

¢ul;u/l liein a plane. In particular, the lines £; and ¢! intersect the
line ¢ for i=1,...,5.

(Ciul)n(¢; uf})=¢, for i #j.

Such a configuration is shown below:

NSNS NSNS S

X

[ A A A A

Note that it is also possible that [,ﬂ;,[; meet at a point.
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Cubic Surfaces

o Let E be a plane containing the line ¢.
Then EnS=/¢uq, where g< E is a conic.
Either g is irreducible, or else, by the proposition, S has one of the
configurations shown previously.
So we must show that there are exactly five planes E 2 ¢, such that
the conic g decomposes.

Each of these planes would give a pair of lines.

By the proposition, they would have the given configuration.
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o We can assume that £ = {x, = x3 = 0}.
So the set of planes containing the line ¢ is given by the pencil of
planes
E/LIJ a {/1X3—,UX2 =0}
We want to determine for which values of (1:pu)e IPi the intersection
ErunS consists of three lines.
Now S contains £.
So the defining equation of S has the form
f:Axg+Bx0x1+ Cx12+Dx0+Ex1+F,

where A, ..., F € k[x2,x3] are homogeneous polynomials, with:

o A B,C linear;

o D, E quadratic;

o F cubic.
Points on Ej ;, have the form (xo:xy : At: put), for some t € k.
So we can take homogeneous coordinates (xp:xj:t) on Ey .
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Cubic Surfaces

o In terms of these coordinates:
° [ |EA'“= {t = O},
¢ f'&,ﬁ tq(xo,x1,t), where

g(x0,x1,t) = AAp) §+ B(A, u)xox1+ C(A, ,u)xl
+D(A, w)xot + E(A, w)xy t + F(A, )t

By a preceding lemma, this conic is singular if and only if A(A,u) =0,
where A(A, u) is the homogeneous polynomial of degree 5 given by

A (ﬂ W 38w FDAR)
; Au) o Chp)  2E(AH)
(A1) 2EAp)  F(Au)

4A(&u)C( 1) F (A, )+ B(A, p) E(A, 1) D(A, )
= C(A, 1) D?(A, ) = AL, ) E? (A, ) = F(A, 1) B2 (A, ).
To prove the theorem we need to show that:

° A(/l,/,t) #0;

o A has no multiple roots.

George Voutsadakis (LSSU) Algebraic Geometry
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Cubic Surfaces

o By a coordinate transformation, take A =0 to be a zero of A(A, p).
We must show that A? does not divide A(A, u).

The preceding proposition gives the possible configurations for the
corresponding cubic Eg1NS.

We can choose coordinates so that Eg; NS is given by either

(={x3=0}, £1={x=0} £{={x1=0} or
l={x3=0}, ¢1=1{xg=0}, €l1={Xo—X3=0}.

We only treat the second case.

We have
f =xox3(x0 —x3) + x28,

where g is quadratic.
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o We have

f =x0x3(x0 = X3) + x28.
Compare with
f = AxZ + Bxoxy + Cx? + Dxg + Exg + F.

We see that:
o D(xp,x3) = —xg +x0B(x2,x3), for some B € k[x2,x3];
o B,C,E and F € k[x2,x3] must all be divisible by xo.

Thus,
=-C(A,u)D?(A, 1) mod A%
Since C is linear,
C(X2)X3) = CXp,
for some c € k.
Since S is smooth at P=(0:1:0:0), c #0.
Thus, A(A,u) is not divisible by 12,
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o To say two lines meet transversally means that they intersect in
exactly one point.

Lemma

Suppose the lines ¢1,...,44 EIP?( are disjoint.

Then one of the following holds:

l1,...,44 lie on a smooth quadric @. In this case there are infinitely many
lines which intersect ¢1,...,£¢4 transversally.

l1,...,¢4 do not lie on any quadric. Then there are one or two common
transversal lines.

o First we show that ¢, ¢> and ¢3 are contained in a quadric surface Q.
The dimension of the space of homogeneous polynomials of degree 2
in 4 variables is dimk?[xg, x1, X, x3] = 10.

So the space of quadrics in ]Pi may be considered as a 9-dimensional
projective space.
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o The space of quadrics in IPi may be considered as a 9-dimensional
projective space.

The requirement that a quadric @ = {f =0} passes through a given
point is a linear condition on the coefficients of f.

For a line ¢ to lie on a quadric Q, it is sufficient to show that three
distinct points on ¢ lie on Q.

Otherwise ¢ N @ consists of at most 2 points.

Hence, the requirement that three lines lie on a quadric can be
expressed by giving 9 linear conditions.

But the space of quadrics is projectively 9-dimensional.

Therefore, there is at least one quadric @ containing all three lines.
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o We now show that @ is smooth.
The lines ¢1,¢5,¢3 are disjoint.
Any two lines in a plane intersect.
It follows that @ is not the union of two planes.

Similarly, @ cannot be a quadric of rank 3. -

On any such quadric, every line passes
through the unique singularity of Q, i.e.,
through the vertex of the cone.

This can be seen by considering a projection

from the vertex.

Lines either pass through the vertex, and are mapped to points, or are
mapped to lines. But the image is a smooth quadric curve.

So it does not contain any lines.

Thus, Q is a smooth quadric containing ¢4, 5, ¢3.

Being disjoint, these lines lie in the same ruling on Q.
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o We now have the following possibilities:
04 Q: Then ¢4 must lie in the same ruling as ¢1,¢5,¢3.
There are infinitely many transversal lines.
They are given by the lines in the other ruling on Q.

¢4 ¢ Q: Then £4n Q consists of one
or two points.

Suppose ¢4 meets Q in distinct points
P and R. Then the lines £p and ¢ in
Q passing through P and R, which are
not in the same ruling as ¢1,¢5 and
¢3, meet all four lines transversally.

Suppose ¢4 only meets Q in one point.

Then we obtain one line in @ transversal to all four lines ¢1,...,244.
Note that any line meeting ¢1,¢> and ¢3 meets Q in at least 3 points.
Thus, it is contained in Q.
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Lemma

If S is a smooth cubic, then S cannot contain four
skew lines my, mp, m3, my which are all intersected by
three lines n1,n>, n3. Thatis, S cannot contain 7 lines
configured as in the figure.

o Suppose we have such a configuration on S.
By hypothesis, my,..., my are intersected by three lines.
The lemma implies that they lie on a smooth quadric Q.

The m; are in one ruling on @, and the n; on the other ruling.
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o Every point P€ @ is contained in a line L in the same ruling as the n;.
The line L intersects my, mo, m3 and my.
This gives 4 points in LS S.
But a cubic and line intersect in at most 3 points, unless L< S.
Thus, Pe S, for all Pe Q.
So QcS.
Hence, there is a decomposition S= QU H, for some hyperplane H.
But QU H is singular along the intersection @ N H.
This contradicts the hypothesis that S is smooth.
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o Recall that given a smooth cubic S and a line £ < S, there are exactly
10 lines in S, intersecting ¢, and we know their configuration.

Lemma

If ¢,¢; and f:. are lines on a smooth cubic surface S, as before, then any
other line m on S must intersect exactly one of ¢,¢; and ¢'.

o Let E; be the plane with E;nS=2ul;u /..
A line and a plane in IP?( always intersect.
So m meets the plane E;.

Thus,

mn(Cul;ul))=mn(EnS)=(mnS)nEj=mnE; # .

So m meets at least one of these three lines.
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o Suppose m meets more than one of the lines ¢, £; and ¢'.

Then oe of the following holds:

o m meets E; in two points;
o m meets two of the lines at a single point in S.

In the first case m is contained in E;.
But this contradicts the configuration lemma.

In the second case, by the second part of the configuration lemma, m
is contained in E;.

But again, this contradicts the first part of the configuration lemma.
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A smooth cubic surface S contains exactly 27 lines.

o We saw S contains a line ¢.
We then obtained five pairs of lines (f,-,f;.), i=1,...,5, intersecting ¢.
Now apply the same proposition to line ¢;.
We obtain a skew line mc S to 4.
By the preceding lemma, m meets exactly one of ¢; and ¢/, i=1,...,5.

By relabeling, if necessary, we can assume that m intersects each of
the lines ¢1,...,¢5, and does not intersect any of the lines ¢},..., ;.

Now there are 5 pairs of lines meeting m.
They must be of the form (¢;,¢%), for i=1,...,5.
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Cubic Surfaces

o By a previous proposition, no four distinct lines on S can be coplanar.
So the four lines ¢7,¢;,¢ and m cannot be coplanar.
Thus, 7 cannot intersect ¢.
So the ¢7 are all different from the BJ’..
We have now found 17 lines ¢, m,(,-,[:.,[:.’; i=1,...,5.
By the preceding lemma, each £" must meet one of the lines ¢, ¢;, BJ’..
But the proposition implies that £7n¢; =@ for i #j.
Moreover, as already noted, (;’n( =@.
I !/ H H
So /' n€j¢¢, for i #].
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Cubic Surfaces

o We must find 10 more lines.
N NN
XX

ll 12 ls l4 15

7
3

AN

m

l123

Consider each of the 10 triples (/,j, k) with 1<i<j<k<5.
We show that, for each such triple, there is exactly one line £ that:

o |s different from, and skew to, ¢ and m;
o Meets ¢;, ¢; and /.

To conclude, we will show that any line in S not equal to one of the
17 lines already found must be equal to one of these 10 lines.
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Cubic Surfaces

o Suppose n is a line on S not equal to one of the 17 lines already given.
First note that all lines intersecting ¢ or m are given by the ¢;, £, ¢!

Thus, n cannot intersect ¢ or m.
We show that n intersects exactly 3 of the lines ¢;.
n cannot intersect 4 of the ¢;.
Otherwise, the three skew lines ¢, n and m would all be transverse to
these four skew ¢;.
Such a configuration contradicts a preceding lemma.
n cannot intersect less than 2 of the ¢;.
Otherwise, by the lemma, n intersects at least 4 of the [j..
This leads to the same contradiction.
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n cannot intersect exactly 2 of the ¢;.
Assume, to the contrary, that n:

o Does not intersect ¢1,¢5 or ¢3;
o Does intersect both ¢4 and /5.
As already noted, n does not intersect ¢ or m.
The lemma implies that n:
o Intersects é’l, 8’2 and 8’3;
o Does not intersect 82 or [g.
As discussed above, the Z;nZJ’.’ #@, for i #].
So we have four skew lines 2’1, 2’2, Zé, ZL which all intersect the three
skew lines n, ZZ and Zg.
That is, we end up again with the same forbidden configuration.
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Cubic Surfaces

o We show that £ is unique.
Suppose there are two lines ¢;j and é;jk, which:
o Are different from, and skew to, ¢ and m;
o Meet ¢;,¢; and /.

By a previous proposition, the five lines (,-,é-,fk,f,-j,(;jk do not all lie
in a common plane.

Therefore, ¢ and ‘%’k cannot intersect.

So we have three skew lines ¢;, £; and ¢ which all intersect the four
skew lines ¢, m, ¢ and f;jk transversally.

By a previous lemma, this is also a contradiction.
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Cubic Surfaces

o We show that the lines ¢;; exist.
By the proposition, ¢ intersects ten distinct lines.
Four of these lines are given by ¢, ¢;, m and /7.
By the above argument, the remaining six lines must be of the form
C1jk, for some triple (1,/,k), with 1 <j<k<5.
But there are exactly (3) =6 such triples.
So all the lines ¢4, occur.
Similarly all the lines £;; exist.

o We have now constructed 27 lines on S, given by

{€,m, 0,00, 0", 0y 1<i<j<k<B5}.
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Cubic Surfaces

o A smooth cubic surface S contains 27 lines, ¢,m,¢;,¢', 0", €., for
i<j<ksb.
o Each line meets 10 others, as follows:
o ¢ meets ¢1,...,¢5 and €’,...,€’5;

" " ! /.
o m meets ¢7,..., ¢ and €105,
o /1 meets ¢, m, /" ,é’l’ and lyj, for 2<j<k<5;
) ﬁl meets [,[1,[}/, for 2Sj55, and [234,[235,[245,[345;
° [’1' meets m,[l,[}, for 25j55, and 0234,0235, 0245, 0345;
o (123 meets £1,02,03,0,,0,,05, 05 and C145,0245,0345.

o The intersections of the remaining lines are given by appropriate
permutations of the indices.
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Subsection 3

Rationality of the Cubics
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Cubic Surfaces

Let S be a smooth cubic.

There exist two disjoint lines on S.

S is a rational surface.

This follows from the construction of the 27 lines on a cubic surface.
Alternatively, by our first theorem, S contains a line ¢.

Then a previous proposition produces disjoint lines #; and ¢5.

Given two skew lines f,m‘;IP?(, we can construct a rational map.
Consider a point QZ4um.

There is exactly one line n=n(Q), through Q, which intersects both ¢
and m.
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Cubic Surfaces

o Thus, we can define a map

Tem: PIN(CUm) — €xm=P} xP};

Q — ((Qnen(Q)nm).

By a transformation of coordinates, we can take:
o £ ={xp=x3=0};
o m={xg=x3 =0}

Then 7y, is given by

Tom: P3\(fum) — fxm;
(x0:x1:x2:x3) — ((x0:x1),(x2:x3)),

This shows that 7/, is a rational map on P3, with domain of
definition P3\(¢um).
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o We show that ¢ =7y m|s: S --+ € x m has a rational inverse.
For (P, Q) € ¢ x m, we consider the line PQ in IP?(.
At most 10 of the lines PQ are contained in S.

If PQ ¢_ S, then, by the Fundamental Theorem, PQNS={P,Q R}
where the points of intersection are counted with multiplicity.

We define a map
w: fxm --» §;
(P,Q) — R
The solutions of f 7o) depend algebraically on the points P and Q.
So y is a rational map.
Clearly, the maps ¢ and vy are mutually inverse.
Note that £ x m =P} x P} is a rational surface (i.e. birational to IP%).

This proves the result.
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