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Analytic Methods [FThe Riemann Zeta Function

Subsection 1

The Riemann Zeta Function
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Analytic Methods

o The zeta function was introduced by Euler as a function on real
numbers s> 1, defined by

1
F.

(s)=%

n=1
o Euler computed the values of {(2k) (for k=1), and was aware of the
behavior of the function as s gets closer to 1.

o Riemann developed the theory of the zeta function and seems to have
been the first to consider s as a complex variable.

o Riemann realized that questions about the distribution of primes are
inextricably linked with the complex behavior of the zeta function.

o In particular, with the values it takes to the left of the line Re(s) =1,
where the definition above no longer converges.
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Analytic Methods [FThe Riemann Zeta Function

The Functional Equation

o The zeta function has a meromorphic continuation to the entire
complex plane, with a simple pole at s=1 (with residue 1).

This continuation has a symmetry, relating the values of { at s and at
1-s, known as the functional equation.

Consider the Gamma function

I(z) =f e tt* 1dt.
0

©

o Write
&(s) =5/ (s/2)¢(s).
o Then
{(s)=¢(1-5).

Using classical formulae for the Gamma function, we get

{(s) =2°7°"Lsin(ws/2)T(1-s)¢(1-5s).
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Analytic Methods [FThe Riemann Zeta Function

Behavior of {(s) for Real s

Proposition

oo 1
n=1 ns

s<1.

converges absolutely for any real s>1, and is not convergent for

o We prove the two statements using the comparison test.
First, consider the case s < 1.
1
Then 4 — ==
We use grouping of the terms,

20 L = S G R G e h g G e )
> 1+l+(% DG+ +)+(E++5)+
= l+i+3+3+3+.

2

The last sum diverges.
So the sum Z‘,’f’zl% diverges also.
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Analytic Methods [FThe Riemann Zeta Function

Behavior of {(s) for Real s (Cont'd)

o Next, we treat the case s> 1.

oo 1
n=1 ns

l+(g+3)+(m++=
< l+(F+E)+H(E++E)+(

142 % +4- £ +8- &+

1 1 1
lts+gpatgat

1 1
(25-1)2 + (25 1)3 toee

= l+z+
1

- 1
1- 2s-1

25—1
1.1
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Analytic Methods [FThe Riemann Zeta Function

Estimating {(s)

o One method to estimate the value of {(s) =¥, X is to compare it

with the integral
[
1 x5

. B nl=s—(n+1)t=s

o We have

n+1 dx Xl—s
fn xs 1l-s

is a decreasing function.

n s—-1

o Moreover, x~°

o So the area under the graph on this interval of length 1 lies in between
the values of the function at n and at n+1,

1 nl=s—(n+1)° 1

(n+1)s< s-1 S
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Analytic Methods [FThe Riemann Zeta Function

Estimating {(s) (Cont'd)

o Summing this over n=1,2,3,... gives

>

n=1

1 o0
(1) < X

o Equivalently,

o Writing this as two inequalities, and rearranging them gives
1 1
—< <—+1.
s—1 ¢(s) s—1

o This gives the rate at which {(s) > oo as s — 1.
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Analytic Methods [FThe Riemann Zeta Function

Euler Product for {(s)

Proposition (Euler Product for {(s))
If Re(s)>1, then

o Observe that [p~5| = pRe(®) < 1. Thus,
1\t 1 1 1
(1——5) Silb = ——b—— &
p p
Now multiply all these together:

I e T

P P
as every % appears exactly once in the product (by uniqueness of
prime factorization).
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Analytic Methods [FThe Riemann Zeta Function

Existence of an Infinity of Primes

o We deduce in two ways from the Euler Product that there are
infinitely many prime numbers.

-1
I We know that ¢(s) =TI, (1~ %)  —ooass—1.
Each term tends to the finite limit -2+

—1-
So there cannot be only finitely many terms in the product.
2. You may know that {(2) =Y. 1 _n2

5T

n=1nZ = 6"
Now 72 is irrational.
We have
MMa-p2) = [[2 =¢@)= %
—-p = = = —,
[ p P?-1 6

So we see that [],(1-p~2)~1 is irrational.
So there cannot be only finitely many terms in the product.
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Analytic Methods [FThe Riemann Zeta Function

Using Logarithms

o By the Euler product

o Recall that, if |z| <1,
z2 78
log(1-z)=—|z+% +Z +---|.
og(l-2z) (z+2+3+ )

o Putting these together

logl(s) = Iog]'[p(l—ls)_1
= Yp-log(l- p %)
S .
= T HE, [P BB ]
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Analytic Methods [FThe Riemann Zeta Function

Using Logarithms (Cont'd)

o Now we have

—2s -3s —4s —2s -3s —4s
p p p p p p
e Ee T € ===
—2s
— b 1
- 2 (l—p‘s)
< p—2s

o Moreover, for s>1, p~*<271=1.

o So, for s>1,

log¢(s) =) p°.

P

o The error is at most

Y <Y 2 =¢(25) <((2).

P n
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Analytic Methods [FThe Riemann Zeta Function

Using Logarithms (Cont'd)

o We deduce that, for s >1 but near 1,

1

s 1
;p ~Iogs_1.

o Note that this proves that Zp% diverges.
o We, thus, get another proof that there are infinitely many primes.
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

Subsection 2

The Functional Equation of the Riemann Zeta Function
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

The Function @

o Set
0(t)= Y e, teR.
nez
o For t#0, the individual terms in the sum converge so fast to 0 that
0(t) converges for all ¢t #0.

Lemma

For t #0, we have

9(%) =t6(t).

o Recall that o
f e ™ dx=1.

—0o0
Fix t >0, and write
F(x) = e "%,
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

The Function 6 (Cont'd)

o Define

F(x)= Y f(x+n)= Y e 0xn?,

neZ neZz
It converges because the terms tend to 0 very quickly.

By definition,
F(0) =0(t).

Also, note that F is periodic, with F(x)=F(x+1).

So it will have a Fourier series

F(X)= Z ameZUimx’

meZ.

where the coefficients a,, are computed as follows.
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

The Function 6 (Cont'd)

am = fol F(x)e=2mim> dx
= Yz fol f(x + n)e” 2 mx dx
= Y,z fol f(x+ n)e 2Fimbctny g
= [ f(x)e 2mimxdx
— fOO e—nt2x2—2nimxdx
—00
_ ffo e (tx+i )2 g=nm? /8 4o
— e—ﬂmz/t2 fi’:o e—ﬂ(tx+i%)2 dx

1 —mm2 /42
— tlenm/t

by a change of variable y = tx+i%, and using Cauchy’s Theorem to
see that the integral along the real axis is the same as the integral
m

along the line Im(z) = 7.
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

The Function 6 (Cont'd)

o Finally, we get
o6(t) = F(0)

= YmeZam

4 o242
= Ymezt lgmmm /e
— -1p(1
= t70(3).

So the result follows.
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

Relation Between 0 and ¢

Proposition
For Re(s) > 1, we have

fo ~(0(t) 1)t T de = 7520 (3)¢(s),

where {(z) is the usual Gamma function, defined by I'(z) = [5° e tt* Ldt.

o For Re(s)>1, and from the definition of 6(t), the integral is
— 2% o1 jboo et ps=1 ¢

2f6>02 - et ps=1 4y
n=

=nt _ —qu? s—
Y2 2% i e e du

v=nu? 2((5)[(;” e_v(%)s/Z—I%dv
= 7 20(5)¢(s).
June 2024 20/ 67
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

The Functional Equation for &

Suppose that Re(s) >1. Write

§(s) =71 () (s).

Then
£(5)=¢(1-5).

o We break up the integral defining ¢(s) for Re(s) > 1,

£(s) = f £ 1dt + f L0()-1)r5 1.

Then, we make the change of variable u- 2 in the second integral.
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Analytic Methods

o Recalling that 6(t) =16 (1), we get

[22(6(t) - 1)t tdt+ [y (0(t) - 1)t5 Ldt

= [20(t)- 1)t Ldt + [{° (uB(u) - 1)u=>"1du

= J7(0() - 1)t e+ [770(u)udu~ [7°um " du
= [0) -1 de+ [f20(u)u du -1

= [2(6(t) - 1)t Ldt + [7°(6(u) - 1)u—Sdu— 1 — 1L
= [0()-1[tt +t%]dt - £ - 7

s 1-s°

¢(s)

This integral converges, for all se C, to a holomorphic function.

The final expression being unchanged when s —1 -5,

£(s)=¢(1-5).

Also ¢ has simple poles at s=0 and s =1 with residues —1 and +1.
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

Properties of the Gamma Function

o The Gamma function satisfies the identity
/4
r(1-z)rz)=——-, Z.
(1-2)r(z) sinmz &=

o Setting z= 3, we get
S\..(S 7
-2 =se
o The Gamma function also satisfies the identity
1
r(2)r (z " 5) _ 21722 /71(22).

o Setting z= % we get
1-s

F(T)F(l - g) = 25/l (1-s).
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

The Functional Equation for {

o Dividing the two equations in s, we get

r(42) _ 2°y/ar(1-s)sin 3
r(s)

2
S
3 T

~—

o By the preceding work, ¢(s) is defined for all s #0,1.
o We also have

{(s) = (1),
o Moreover,

§(s) =721 (Z)¢(s).

o So we can define {(s), for all s#0,1.

o The theorem then gives a relation, known as the functional
equation, between {(s) and {(1-5).
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Analytic Methods = The Functional Equation of the Riemann Zeta Function

The Functional Equation for ¢ (Cont'd)

o Using the formulas involving the Gamma function, we now have

£ =¢l1-9

((s)=m ¢((1-s)
{(s)=2°m5"tsin (Z)T(1-s)¢(1-5).

125\/_1“(1 s)sin %
T
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Analytic Methods [FZeta Functions of Number Fields

Subsection 3

Zeta Functions of Number Fields
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Analytic Methods [FZeta Functions of Number Fields

The Dedekind Zeta Function

The Dedekind zeta function of K is given by

(K(S) Z NK/Q(CI)S

where a runs through all distinct non-zero integral ideals of the field K
(i.e., the ideals of Z).

o Note that when K = @, we get exactly the Riemann zeta function.

o We will see later that the Dedekind zeta function is also convergent
for Re(s) > 1.
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Analytic Methods [FZeta Functions of Number Fields

An Euler Product Formula

o {k(s) has an Euler product (valid for Re(s) > 1),

1
0Tl

where the product is taken over all of the prime ideals p of Z.
o The proof is identical to that for the Riemann zeta function.

o It is equivalent to unique factorization of ideals.
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Analytic Methods

o One asks for generalizations of Riemann's results for {(s) to {k(s).

o Dirichlet's analytic class number formula shows that {k(s) has a
singularity at s =1 and computes the limit of (s—1){k(s) as s — 1.

o In complex variable language, {k(s) has a simple pole at s=1, and
Dirichlet's formula gives the residue.

o The formula for the residue involves many of the arithmetic quantities
related to K, such as the class number, the discriminant, the numbers
of real and complex embeddings, and so on.

o It is also true that {k(s) has a meromorphic continuation to the whole
complex plane.

o Further, it satisfies a functional equation.
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Analytic Methods [ The Analytic Class Number Formula

Subsection 4

The Analytic Class Number Formula
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Analytic Methods [ The Analytic Class Number Formula

Review |

o Let K be a number field with:
o ry real embeddings {p1,...,pn};
o rp pairs of complex embeddings {01,071,...,0,,0n}.

o Then there are r = r; + rn —1 fundamental units €y, ...,€,, such that,
every unit € can be written

% v
6:(611...€r’,

with ¢ € u(K), the roots of unity in K, and v; € Z.
o The proof used lattice-theoretic methods (and Minkowski's Theorem).
o Recall, also, that we had a commutative diagram

K>< _I> Kﬁ _€> ]Rr1+r2
NK/Ql Nl y trl

QX — IR,X —_ -~ ]R,
where Kr =R x C".
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Analytic Methods

o The proof of Dirichlet's Unit Theorem worked by showing that the
units Zy < K* mapped to a complete lattice in the r-dimensional
subspace H<= R"*"2 defined by H={xe R"""2 :tr(x) = 0}.

o In particular, the image of Zj is an r-dimensional lattice in R"**"2.

o If we write A =/¢oj, the vectors A(€1),...,A(€,) are a basis for the
lattice, and so span H.

o The analytic class number formula will also involve a term describing
how “widely spaced” the units are in H (in a similar way to how the
discriminant describes how widely spaced the integers Zg are).

o Recall that if xe Z,

Alx) = (IogIpl(x)l,...,IogIprl(x)l,IogIal(x)|2,...,Ioglarz(x)|2).

o We can measure how widely spaced the units are in H by applying A
to the fundamental units and taking a determinant.
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Analytic Methods [ The Analytic Class Number Formula

Regulators

Let €1,...,€, denote a set of fundamental units, where r=r; +r» —1.
Consider the map A: K — R™*"2 and write

Ax) = (A1(x), -5 Ar s (X)),

so that 0 f
. = Ioglplxly | 1SI.SI’1,

A,(X) - { |og|a,-_r1 (X)|2, if 1> n.
Consider the (r+1) x r-matrix whose entries are A;(e;).

Define the regulator Rk to be the absolute value of the determinant of
any r x r-minor of this matrix.
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Analytic Methods [ The Analytic Class Number Formula

The Analytic Class Number Formula

Theorem (Analytic Class Number Formula)

Consider again

(K(s) Z NK/Q(a)S

where a runs through all distinct non-zero integral ideals of the field K.

{k(s) converges for all Re(s) > 1. It has a simple pole at s=1, and

2r1+r2n.r2 RK

m|Dk|1/2 &

lim (s~ 1)z (s) =
where:
o Rk is the regulator of K;
o hg is the class number of K;
= |u(K)I, the number of roots of unity in K.
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Analytic Methods [ The Analytic Class Number Formula

o Our goal is to translate the preceding result into a calculation of
volumes of certain regions in Kgr = R".

Definition
We say that a cone in R" is a subset X €R", such that

xeX and AeR.qy, imply AxeX.

o The same definition applies to any real vector space, such as K.
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Analytic Methods

Functions on Cones

The Analytic Class Number Formula

Let X be a cone in R". Let F: X — R.g be a function satisfying
F(éx)=&"F(x), xeX,ée€Rso.

Suppose that T ={x € X: F(x) <1} is bounded, with non-zero volume
v=vol(T). Let T be a lattice in R", with A =vol(T). Consider the function

2(9)= ¥ =

rnX F(X)s'

It converges for Re(s) >1 and
: v
sIm(s— 1)Z(s) = n

George Voutsadakis (LSSU) Algebraic Number Theory June 2024 36 /67



Analytic Methods [ The Analytic Class Number Formula

Functions on Cones (Cont'd)

o Note that, for all re Rs,

[71)-=
vol|=T'| = —.
r rn
Suppose N(r) denotes the number of points in %Fn T.
Then A .
v=vol(T) = lim N(r)= =A lim (n').
r—oo r r—oo r

But N(r) is also the number of points in
xeI'nX:F(x)<r",

at least for the nice F we consider.
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Analytic Methods [ The Analytic Class Number Formula

Functions on Cones (Cont'd)

o Order the points of I'n X so that
O0<F(x1)<F(x)<---.

Let
rg = F(Xk)l/".

Then, for all €>0,
N(rk —6‘) <ks< N(rk).

It follows that

N(ry—e€) (rk—e)"< ko M

(rk—e)" \ rg e
Thus, since the two outer terms have the same limit,
i 2= [l = — 2,
r—corl  k—oo F(xx) A
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Analytic Methods [ The Analytic Class Number Formula

Functions on Cones (Cont'd)

o We use

lim = i Y
m — m —
rk—00 rlf k—oo F(xk) A

to approximate the terms in the sum Z(s).

Given € >0, there exists kg, such that for all k = kg, one has

1 1 1
(3% < FOw) ()%
Summing,
o9 1

v s &1 € 1
G-I Le<Zmr i) Le

We know that the Riemann zeta function converges for Re(s) > 1.
So the same holds for Z(s).
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Analytic Methods [ The Analytic Class Number Formula

Functions on Cones (Conclusion)

o We also know the residue of {(s) at s=1.

We multiply through by (s—1), and let s tend to 1 from above.
We have

lim (s -1)¢(s) = 1.

We observe that
Iiml(s— 1)[a finite sum] =
s—>

We conclude that

%—eslm(s—l)Z(s)s +e.

> <

But this holds for all € > 0.

It follows that
I|m (s-1)Z(s) =

l>|<
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Analytic Methods [ The Analytic Class Number Formula

Expression for {k(s)

o Let Ck be the set of ideal classes in the class group.
o Set
fc(s) =
ag& NK/Q(a)
o Write

Ck(s)= ). fe(s),

CECK
the sum running over ideal classes in the class group.

o We will compute, for each ideal class C,

lim (s = 1)fc(s).

©

We will observe that the result is independent of C.

This accounts for the factor hk in the formula.

©
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Analytic Methods [ The Analytic Class Number Formula

Expression for fc(s)

o Choose any integral b in the class C™!, the inverse class.
o Then, for all ae C, ab is principal, (a), say.

o The association a— (a) gives a bijection between integral ideals a € C,
and principal ideals (a) divisible by b (i.e., elements a € b).

o It follows that

s 1
fc(s) = NK/Q(b) b%) —|NK/Q(0$)|S'

o Note that (a) = (a') if and only if @ and &' are associate.

o We may therefore assume that a runs over a complete set % of
non-associate members of b.
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Analytic Methods [ The Analytic Class Number Formula

Rewriting fc(s)

o Let
[=i(b)={xe Kr:x=i(a), for some a € b}.
o Write
O={xeKr:x=i(a), for some a € %}.
o Thus,

fc(s) = NK/Q(b)S ;@ |N(]>-<)|s'

We will find a cone X < KR, such that every a € 2 has i(a) associate
to precisely one member of X.

o It will follow that
0=I'nX.

o Then, we may apply the preceding proposition with F(x)=|N(x)I.

George Voutsadakis (LSSU) Algebraic Number Theory June 2024 43 /67



Analytic Methods [ The Analytic Class Number Formula

Setting Up the Cone

o We define the cone X.
o Letey,...,e, be fundamental units (where r=r; +r, —1).
o Write

A=(1,...1,2,...,2)

be the vector in R"*"2 whose components are:

o Aj=1,if i=n (corresponding to the real components in KR);
o A;j=2,if i>r (corresponding to the complex embeddings).

o The vectors A(e1),...,A(e,) span H, as we saw previously.
o Thus, the set {A,A(€1),...,A(€,)} are a basis for R"*"2.
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Analytic Methods [ The Analytic Class Number Formula

Setting Up the Cone (Cont'd)

o The set {A,A(€1),...,A(€,)} are a basis for R"*"2.

o So for all #(x) e R"*"2, we can write
0(x)=EA+EMer) +--+EA(er),

for some coefficients &,¢; € R.
o Observe that trA(e;) =0 (as A(e;) € H).

o So
tré(x)=¢-trA=¢n.

o But tré(x) = log|N(x)I.
o So 1
§= ;|0g|N(X)|-
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Analytic Methods [ The Analytic Class Number Formula

The Cone X

The cone X € KR will be defined to consist of all x such that:
1 N(x)#0;
2. The coefficients &;, i=1,...,r, of ¢(x) satisfy 0=¢;<1;
3 O0=arg(x1) < Z, where x; is the first component of x.

o We show that X is a cone in KR.
l.e., that, if xe X and é >0, then éxe X.
o N(éx)=¢"N(x)#0.

o 0(¢&x) = (log&)A+£(x).
So the coefficients of A(e;) are unchanged.

o arg(éxy) =arg(xy).
Thus, if xe X, and & € R>q, then éx e X.
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Analytic Methods [ The Analytic Class Number Formula

Property of the Cone X

Lemma

Let y e R", with N(y) #0. Then y is uniquely of the form

x-i(e), xeX, e€Zy.

o One has
((y)=yA+yiA(er) +---+yrA(er).

Write Yi=ki+¢&i, with ki€ Z, &€ [0,1).

Let

77=€ll<1"'€lr('-
Set

z=y-i(n™").
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Analytic Methods [ The Analytic Class Number Formula

Property of the Cone X (Cont'd)

o Suppose arg(z;) = ¢.
Write

2k 2
05¢—L<—”, for some k € Z.
m m

Choose ¢ € u(K), such that

where 71 gives the first component of the map K — KR.

Then
x=y-i(n)-i((*) e X.

Clearly then y = x-i(e), for a unit e.
This decomposition is clearly unique from the construction.
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Analytic Methods [ The Analytic Class Number Formula

Conclusions

o It follows that in every class of associate members of Z, there is a
unique one whose image in R” lies in X.

o Moreover, we have
1
fc(s) = N /o (0)° S —
(5)=Niral®)” 2 WGy

o We can then evaluate the sum as in the previous proposition.
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Analytic Methods [ The Analytic Class Number Formula

Volumes

o Recall that:
o T={xeX:IN(x)I=1}
o v=vol(T);
o A=vol(T).

o We needed to calculate v and A.

o For the latter, we already know
A = Ny jq(0)I Dk M2,

o It merely remains to calculate v.
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Analytic Methods [ The Analytic Class Number Formula

Computing vol(T)

vol(T) is given by

B 2r1+r2n.r2 RK

m

v

o If e€eZj, then multiplication by € is volume preserving.
This is simply because the volume form is multiplied by value of the
determinant of the transformation x — x-i(e), which is [Nk q(€)l = 1.
Put

7= U Teieh),
k=0

Then T corresponds to the cone X defined only by Conditions 1 and 2
of the preceding definition. It follows that

vol(T)=m-vol(T).
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Analytic Methods [ The Analytic Class Number Formula

Computing vol(T) (Cont'd)

o Let T denote the set
T={xeT:x>0forali=1,...n}

It follows that

r

vol(T) = %Vol(?).

Thus it suffices to calculate vol(T).
We make several changes of variables, before computing the volume.
Firstly, we consider the isomorphism
Kr — R"
(le---’erZl’u-’Zrz) = (X].:---:Xr]_:R1’¢1’---:Rr2:¢r2)’

where
Zj = Rke’¢k.
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Analytic Methods [ The Analytic Class Number Formula

Computing vol(T) (Cont'd)

o Then
(X1, Xy 21, .-, 212) = (log x1, ..., log x,, log R12,...,IogR,22).

The Jacobian of this change of variables is Ry -+ Ry,.

Then T is given by:
1 x1>0,...,x,, >0, R1>0,...,R, >0 and xq---x, (R1 -+ Rry)?> < 1.
Note that the last quantity is N(x).
2. In the formula giving the j-th component of ¢(x),

0(x) =EA+E1Mer) +--- +&Aler),

one has 0<¢&, < 1.
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Analytic Methods

o The ¢1,...,¢,, independently take values in [0,27).

We replace the variables xi,...,x,,R1,..., Ry, by &,¢1,...,¢&,, got from
the formula ¢(x) =&éA+¢&1A(e1) +---+ & A(er), so that &= N(x).

Now the image of T is given simply by 0<&<1,0=<¢&, <1, for all k.
We need to compute the Jacobian of this change of variable.

Considering the j-th components, we get

logx; = +logé&+X)_; &xdjler);
log R? = 2log¢+X_; Ekhn+j(ex)-
We can read off
0xj X 0x; orR; R; OR; RJ
S _4. A = S Ar
T A T T A
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Analytic Methods [ The Analytic Class Number Formula

Computing vol(T) (The Jacobean)

o The Jacobian of this change of variables is given by

0 adile) o xada(er)
K : . :
J ,% Xry Ay (€1) x1Ar (€r)
= R R R
o FAnaale) o FAngaaler)
R, R R, .
n—rg %lr1+r2(€1) %Ar1+r2(€r)
L Mlen) 0 Aaler)
_ X1 Xry Rl...er 1 A’r]_ (61) e A’r]_ (er)
272 n 2 Ar1+1(€1) /’[r1+1(€r)
2 AMtnler) - An+nl(er)
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Analytic Methods [ The Analytic Class Number Formula

Computing vol(T) (The Jacobean Cont'd)

@ One adds all rows to the top one to get

. 0 0
XX R Ry | Aa(er) o Aaler)
R T
Aritrs (€1) - Ari+r (er)

Expanding along the top row, we see that this determinant is exactly
nRk, where Ry denotes the regulator.
Recall that & = x1 - x, (R1 -+ Ry,)?.

It follows that
Rk

= 3R
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Analytic Methods [ The Analytic Class Number Formula

Computing vol(T) (Conclusion)

o We can now deduce the result:

vol(T) =

Thus,

George Voutsadakis (LSSU)

2r2VO|]R(T)

2" f?dxl"'erld}’r1+1dzr1+1"'d}’r1+r2dzr1+r2
2% f?Rl"'erdxl"'dxrlde"'dRr2d<P1"'d<Pr2
272(21)2 [Ry--- Ry, dxy -~ dx,, dRy -+~ dRy,
272(27)"2 [1JIRy -+ Ry, d&déq -+ dE,

222 Ry,
2r1+r2n.r2 RK
vol(T) = ="K
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Analytic Methods [ The Analytic Class Number Formula

The Analytic Class Number Formula

o Now we obtain

2r1 +ro n.rz RK

v
lim (s —1)fc(s) = N g (b) = = N/ (b ) '
lim(s - 1)fc(s) = Ni/q( )A K/l )NK/Q([J)|DK|1/2

> . 2N+ Ry
lim(s=1)fc(s) = DRI
This is independent of C.
Summing over the ideal classes gives
. 2+ Ry
lim(s=1)¢k(s) = D2

This is the analytic class number formula.
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Analytic Methods [FExplicit Class Number Formulae

Subsection 5

Explicit Class Number Formulae
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Analytic Methods [FExplicit Class Number Formulae

Principal Ideals in Quadratic Fields

o We give explicit expressions for class numbers of quadratic fields.

o Let K=Q(Vd), with d squarefree.

o The principal ideal (p) for a prime p of Z can factorize in Z in three
different ways.

1. p can split, so that (p) =p1po with p1 #p>, and
Nk jq(p1) = Nk /q(p2) = p;

2. p can be inert, so that (p) remains a prime ideal in Zy, with norm p2;
3. p can ramify, so that (p) = p?, for some prime ideal p of norm p.
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Analytic Methods [FExplicit Class Number Formulae

Character of a Prime in a Quadratic Field

o We define
1, if p splits,
x(p)=4 -1, if pisinert,
0, if p ramifies.

o y is actually a Dirichlet character modulo D.
o This means that:

o x(p) depends only on the value of p (mod Dk);
o x(p) can be extended to all integers n, in such a way that if m and n
are coprime, then

x(mn) = x(m)x(n).
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Analytic Methods [FExplicit Class Number Formulae

Factors in the Euler Product

o Consider the factors corresponding to the primes dividing (p) in the
Euler product

-1
1
(k(s)= 1-———— .
& l;[( ’VK/Q(P)S)
By the remark above, these are

1\72 1\t 1\t
o) ) )
p p p

in the split, inert and ramified cases, respectively.
=

©

In each case, there is a factor (1— #)
This is the Euler factor of the Riemann zeta function at p.
The other factor is given by

e ©

(-2

pS
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Analytic Methods [FExplicit Class Number Formulae

The Dirichlet L-Function

o We define the Dirichlet L-function
-1
s =T1[-22)
p P
o Then
(k(s)=C(s)L(s, x)-

o By the multiplicativity of y and unique factorization in Z, we get the
alternative expression

[(sp)= 5 2O
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Analytic Methods [FExplicit Class Number Formulae

Computing L(1,%)

o We can multiply through by (s—1) and let s — 1 in this expression.
o The Riemann zeta function has a simple pole at s =1 with residue 1.

o The residue of {k(s) is given by the analytic class number formula,

. 2r1+r27.[r2 RK
lim(s=1)¢k(s) = DR K
o We get
21 (2m)2hk Rk
22@n)2hkR (1 4

m|Dk|1/2
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Analytic Methods [FExplicit Class Number Formulae

The Real and Imaginary Cases

o In the case of a real quadratic field, we have
n=2, n=0, m=2, Rk=loge,

where € > 1 is a fundamental unit.

We conclude that
_ VIDkl
K =
2loge

L(1,x).

o If K is imaginary quadratic, then
r1:0, r2:1, RK=1.

So we get
m+y/|Dk]|
hK = TL(].,X)

Recall that, in this case, m =2 except for the fields Q(i) and Q(v/-3),

both of which have class number one.
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Analytic Methods [FExplicit Class Number Formulae

Computing hy Using L(1,x)

o The quantities L(1,y) are not so easy to compute exactly.

o However, it is sometimes relatively easy to compute enough terms in
the sum

L(1y)= 2&:)

o We may, thus, get an idea of the value of hx (especially in the
imaginary quadratic case), recalling that it must be integral.
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Analytic Methods [FExplicit Class Number Formulae

Example

o Consider K = Q(v?2).
The fundamental unit is e =1+ /2.
The discriminant is Dy = 8.

Then
V8

h=— 2
o 2log (1+V2)
But, by grouping terms suitably,

L(1, %) ~1.605L(1, 7).

11 1
L[(1,)=1-=-=4Z4--<1.
(Lx) ERICAE A

So hk is a positive integer less than 1.605.
We conclude that hx =1.
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