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Averages of Arithmetical Functions Introduction

Asymptotic Behavior of Arithmetical Functions

o We study the behavior of arithmetical functions f(n) for large values
of n.

Example: Consider the function
d(n) = the number of divisors of n.

It takes on the value 2 infinitely often (when n is prime).

It also takes on arbitrarily large values when n has a large number of
divisors.

Thus, the values of d(n) fluctuate considerably as n increases.
@ Many arithmetical functions fluctuate in this manner.

@ So it is often difficult to determine their behavior for large n.
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Introducing Averages

o The flactuation of many arithmetical functions makes it difficult to
determine their behavior for large n.
@ Sometimes it is more fruitful to study the arithmetic mean

F(n) = %Z F(K).
k=1

o Averages smooth out fluctuations, so it is reasonable to expect that
the mean values f(n) might behave more regularly than f(n).
Example: We will show that the average d(n) grows like log n for
large n,

jim 407)
n—oolog n
This is described by saying that

“the average order of d(n) is logn".
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Averages of Arithmetical Functions Introduction

Partial Sums

@ To study the average of an arbitrary function f we need a knowledge

of its partial sums
n
> f(k).
k=1

@ Sometimes it is convenient to replace the upper index n by an
arbitrary positive real number x and to consider instead sums of the

form
> f(k).

k<x
@ In the last sum, it is understood that the index k varies from 1 to [x],
the greatest integer < x.
o If 0 < x < 1 the sum is empty and we assign it the value 0.

@ Our goal is to determine the behavior of this sum as a function of x,
especially for large x.
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Averages of Arithmetical Functions Introduction

Example: The Divisor Function Revisited

o For the divisor function we will prove a result obtained by Dirichlet in
1849, namely

Z d(k) = xlogx + (2C — 1)x + O(v/x),x > 1.

k<x

@ In this sum, C is Euler's constant, defined by the equation

. 1 1 1
C=lim <1+—+—+"'+;—|ogn>.

n—oo 2 3

@ The symbol O(+/x) represents an unspecified function of x which
grows no faster than some constant times +/x.

@ This is an example of the “big oh” notation.
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Subsection 2

The Big Oh Notation. Asymptotic Equality of Functions
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Averages of Arithmetical Functions | The Big Oh Notation. Asymptotic Equality of Functions

The Big Oh Notation

If g(x) >0, for all x > a, we write

f(x) = O(g(x)) (read: “f(x) is big oh of g(x)")

to mean that the quotient % is bounded for x > a.
That is, there exists a constant M > 0, such that

|f(x)] < Mg(x), forall x> a.
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Averages of Arithmetical Functions The Big Oh Notation. Asymptotic Equality of Functions

Big Oh in Equations

@ An equation of the form

f(x) = h(x) + O(g(x))

means that
f(x) — h(x) = O(g(x)).
Note: f(t) = O(g(t)), for t > a, implies

/ax f(t)dt =0 (/axg(t)dt) , for x> a.
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Asymptotic Behavior of Functions

We say that f(x) is asymptotic to g(x) as x — oo, and we write

f(x) ~ g(x) as x = oo

)
S 20 &
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Example

Consider again the equation

> " d(k) = xlogx + (2C — 1)x + O(V/x).

k<x

o It implies that
Zd(k) ~ xlog x as x — o0.
k<x

@ In the first equation the term x log x is called the asymptotic value
of the sum.

@ The other two terms represent the error made by approximating the
sum by its asymptotic value.
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The Error Terms

o Consider again

> " d(k) = xlogx + (2C — 1)x + O(V/x).

k<x
o If we denote the error by E(x), then
E(x) = (2€C — 1)x + O(v/x).
@ This could also be written
E(x) = O(x).

@ Even though this equation is correct, it does not convey the more
precise information in the displayed equation above, which tells us
that the asymptotic value of E(x) is (2C — 1)x.

George Voutsadakis (LSSU) Analytic Number Theory May 2024 13/73



Averages of Arithmetical Functions Euler's Summation Formula

Subsection 3

Euler's Summation Formula
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Averages of Arithmetical Functions Euler's Summation Formula

Euler's Summation Formula

@ Sometimes the asymptotic value of a partial sum can be obtained by
comparing it with an integral.

@ A summation formula of Euler gives an exact expression for the error
made in such an approximation.

Theorem (Euler's Summation Formula)

If £ has a continuous derivative ' on the interval [y, x], where 0 < y < x,
then

Y fln) = [SF(e)dt+ [ (¢ —[e])f'(t)de

y<nsx + ()0 = x) = F(] ).
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Averages of Arithmetical Functions Euler's Summation Formula

Euler's Summation Formula (Cont'd)

o Let m=[y], k = [x].
For integers n and n — 1 in [y, x] we have
[P (0de = [T (n—1)f/(t)dt
= (n=1{f(n) - f(n—-1)}

{nf(n) —(n—1)f(n—1)} — f(n).
Summing from n = m+ 1 to n = k we find

JnlF (Bt = S i{nf(n) — (n = Df(n - 1)}

- Zy<n§x f(n)
= kf(k) — mf(m) — Zy<n§x f(n).

Hence,

Syenex F(n) = = [X[E1F/(t)dt + kF(K) — mf(m)
—f [t]F'(t)dt + kf(x) — mf(y).
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Averages of Arithmetical Functions Euler's Summation Formula

Euler's Summation Formula (Cont'd)

o We got
X
E:am=—/uwmm+ww—mm¢
y<n<x Y
Integration by parts gives

/?mm:wM—wm—/ﬁmmw

y
Thus, we get

Dyanex f(n) = = [F[t]f'(t)dt + kf(x) — mf(y)
= = [ tf(t)dt + [ (t = [tDf (t)dt
+ kf(x) — mf(y)
= [ f(t)dt + [7(t = [t])f'(t)dt
+ (k= x)f(x) = (m — y)f(y).
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Subsection 4

Some Elementary Asymptotic Formulas
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Euler's Constant and Riemann Zeta Function

@ Recall Euler's constant

. 1 1 1
C=Ilm(l+=+=+---+=—logn|.
n—00 2 3 n

@ ((s) denotes the Riemann zeta function which is defined by the

equation
= 1
4(5)=Z$= if s>1,
n=1
and by the equation
1 Xl—s .
C(S)_XII_EEO =T1=s if0<s <1
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Asymptotic Formulas

Theorem
If x > 1, we have:

(a) Zn<xn |OgX+C+O( )

(b) Zn<x ns = 1 . (s)+O(x%),if s>0,s#1;
(c) Zn>x = =0(x7%),if s> 1
(d)

a+1

d) Spe 1™ = 25 4 0(x*), ifa > 0.

(a) Take f(t) = % in Euler's summation formula to obtain

Shen = S-S Hder1 -5

= Iogx—fftt—z[t]dt-l-l-l-O(l)
= logx+1— [°=lqgr 1 [ =gt 1+ O(2).
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Averages of Arithmetical Functions Some Elementary Asymptotic Formulas

Asymptotic Formulas (Part (a) Cont'd)

o We obtained

E:%=bpﬁi—1 Jﬂm+/ []m+o(J

n<x

The improper integral [ (t — [t])t~2dt exists since it is dominated
by floo t—2dt. Also,

og/t_mm</ lm 1
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Asymptotic Formulas (Part (a) Cont'd)

@ We have:
°Zn<x,, Iogx+1_floot[t]dt+foot[t]dt+o( );
o 0< [ EHgr < [* Lat =

So we get

lelogx-l—l—/ t_z[t]dt-l—O(l).
n 1 t X

n<x

This proves (a) with C =1— [[° & M gt.
Letting x — oo in (a) we find that

: 1 ©t—[t]
Jim | >~ —logx =1—/1 5 dt.

n<x

So C is also equal to Euler's constant.
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Asymptotic Formulas (Part (b))

(b) We use a similar argument with f(x) = x~°, where s > 0, s # 1.

Euler’'s summation formula gives us

1 . X dt x t—[t] x—[x]
Yowxw = NLw-osl wrdt+1l-7
Xl—s

= A1 -s > Eld 4 ox).

Therefore,
L_ X7 () + 0
Y. =1 <t CE+0(),
n<x
where ] (1]
ottt
C(S):l—ﬁ—S/l t5+1 dt.
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Averages of Arithmetical Functions | Some Elementary Asymptotic Formulas

Asymptotic Formulas (Part (b) Cont'd)

@ We have

=T T C(8) + O,

where C(s) =1— & —s [[° tt;E] dt.

e Suppose s > 1.
The left member of the equation approaches ((s) as x — oo.
The terms x! =% and x~° both approach 0.
Hence, C(s) = ¢(s), if s > 1.

o Suppose 0 < s < 1.
Then x—° — 0.
The equation shows that

) 1 Xl—s
nlLrT;o ZF_I—S :C(S)'

n<x

Therefore, C(s) is also equal to ((s).
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Asymptotic Formulas (Part (c)-(d))

(c) We use (b) with s > 1 to obtain

1 1 xi=s R I
R
n>x n<x

(d) Using Euler's summation formula, with f(t) = t%, we obtain
Yok n® = [Jt¥dt 4 [t (t = [t])dt + 1 — (x — [x])x°
= 28 L4 O(a fft*Ldt) + O(x*)
= X041 0(x%).
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Subsection 5

The Average Order of d(n)
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Averages of Arithmetical Functions | The Average Order of d(n)

The Average Order of d(n)

For all x > 1, we have

Z d(n) = xlog x + (2C — 1)x + O(v/x),

n<x
where C is Euler’'s constant.

o By definition, d(n) =3 4,1. So >_, <, d(n) =3, > g 1.
This is a double sum extended over n and d.

Since d | n, we can write n = qd and extend the sum over all pairs of
positive integers g, d, with gd < x. Thus,

D dn)= > 1.
q,d

nSX K
qd<x
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The Average Order of d(n) (Cont'd)

o We wrote

D dn)= > 1
q,d

n<x s
qd<x

The sum extends over lattice points in the gd-plane that lie on
hyperbolas gd = n, with n < x.

a

\

\
—& Gd=d ]
St T

T 3 4

So it counts the number of lattice points which lie on these
hyperbolas corresponding to n =1,2,...,[x].
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Averages of Arithmetical Functions | The Average Order of d(n)

The Average Order of d(n) (Cont'd)

@ For each fixed d < x, we can:

o Count first those lattice points on the horizontal line segment
X.
1<gqg< g0
o Then sum over all d < x.

ddim)=> > L

n<x d<x q<x/d

Thus we get

We use Part (d) of the preceding theorem with o« = 0 to obtain
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The Average Order of d(n) (Cont'd)

@ Now we use this along with Part (a) of the preceding theorem to find

Yonexd(n) = Y {5+ 01}
= Xngx % + O(x)
= x{logx+ C+ 0()} + O(x)
= xlogx + O(x).

This is a weak version of the theorem which implies

Zd(n) ~ xlogx, asx— 0.

n<x

So it gives log n as the average order of d(n).

George Voutsadakis (LSSU) Analytic Number Theory May 2024 30/73
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The Average Order of d(n) (Cont'd)

@ To prove the more precise formula we return to

Zd(n) = Z 1.

n<x q,d

It counts the number of lattice points in
a hyperbolic region.

We take advantage of the symmetry of
the region about the line g = d.

The total number of points equals twice |-
the number below the line g = d plus the .|

J [ﬂ — d lattice points on this segment

number on the bisecting segment. G
Sdmy=2 " {[g] —d} + VAl
53 d<v/x
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The Average Order of d(n) (Cont'd)

o We obtained
Sdm=2%" {[ﬂ —d} + [V

Now we use the relation [y] = y + 0(1) and Parts (a) and (d) of the
preceding theorem to obtain

Yinx d(n) = 2340 x{G—d+O0(1)} + O(Vx)
= %XV geyrs 22 deyxd+ O(VX)

— 2x{|og\/>_<+C+O(%>}
—2{5 + O(v5)} + O(v%)
= xlogx+ (2C — 1)x + O(v/x).
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Subsection 6

The Average Order of the Divisor Functions o,,(n)
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The Average Order of o1(n)

@ The case a = 0 was considered in the preceding theorem.

For all x > 1, we have

S o1(x) = %g(z)XZ & Ollellzm)

n<x

Note: It can be shown that {(2) = %

Therefore, the average order of o1(n) is 5.
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The Average Order of o1(n) (Cont'd)

@ We have

anx 0'1(X) = anx Zq|n q
= Y. qd g

qd<x

= ngx ZqSX/d q

D Y BEP o)

= 5 Yacx gz + 0 e 7)

© 2142+ O(%)} + O(x log x)
= 3((2)x* + O(xlog x).
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The Average Order of o,(n), 0 < a # 1

If x>1and o >0, a # 1, we have

_ a+1) a+1 B
> oaln) = . + 0(x?),

n<x
where 8 = max {1, a}.
o We have

anx U(X(n) = anx Zq|n q*
= ngx Zq<x/d q*

D (5) 4+ 02}
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The Average Order of o,(n), 0 < a # 1 (Cont'd)

o Contining

anx UO&(”)

Yacdaz(3 )“+1 +0(5)}

xatl

= a+1 Zd<x gort T O(x* Zd<x dia)
(b) a+l —a —a—1
= oz—l—l + C(a + 1) + O( )}

@

+ O(x* {2 +¢(@) + O(x)})
_ (;jll) o+l 4 O(x) + O(1) + O(x®)

Sl—:—ll) a+1+O( max{l,a})

— ((;1:11) oz+1_|_o( )
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The Average Order of o,(n), a <0

o For negative a we write o« = —f3, where 3 > 0.

Theorem
If 5> 0, let § = max{0,1 — 5}. Then if x > 1, we have

[ BHDx+ OO, ifB#£L
Za_ﬁ(n) B { ¢(2)x + O(logx), ifp=1

n<x
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The Average Order of g,(n), a < 0 (Cont'd)

o We have
anx U—ﬁ(n) = ZHSX Zd|n Lﬁ
= ngx dlﬂ qux/d 1
(d) x
= Dd<x d%{aJrO( )}
= X Zd<x 5 + O a<x iﬁ)

Moreover,

XY gex i1 = S +C(B+ Dx+ O(x7F)
= ((B+1)x+ O(Xl_ﬁ).

Finally,
_ (logx), ifg=1,
Z ds | { 5) if 6# 1.
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Subsection 7

The Average Order of ¢(n)
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(n)

n<x n2

Asymptotic Formula for >

@ The asymptotic formula for the partial sums of Euler’s totient involves

the sum of the series Y >° ; “,(13).

@ This series converges absolutely since it is dominated by > >° lz

o We will prove later that

> mn) 1 6
Z n2 —@—ﬁ'

@ Assuming this result for the time being we have

anx % = 2211 N,Sg) - Zn>x Mr(1g)
&+ 0 ox )
€ 5o
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The Average Order of ¢(n)

For x > 1, we have

Z(p —x + O(x log x).

n<x

So the average order of (n) is 3"

@ We start with

e(n) =Y n(d)
d|n
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The Average Order of ¢(n) (Cont'd)

o We obtain

anx (p(n) = anx Zd|n “(d)g
- Z q,d M(d)q

qd<x

= Ya<x Md) X g<xa g
D S m(d{A(E)2 + 0(%)}
= IV B+ O(x Cyey 3)

= %x2{% + O(;)} + O(xlog x)
= %xz + O(x log x).
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Subsection 8

Distribution of Lattice Points Visible from the Origin
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Mutual Visibility of Lattice Points

Definition

Two lattice points P and @ are said to be mutually visible if the line
segment which joins them contains no lattice points other than the
endpoints P and Q.
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Characterization of Mutual Visibility of Lattice Points

Two lattice points (a, b) and (m, n) are mutually visible if, and only if,
a— m and b — n are relatively prime.

o It is clear that (a, b) and (m, n) are mutually visible if and only if
(a— m, b — n) is visible from the origin.
Hence, it suffices to prove the theorem when (m, n) = (0, 0).
Assume (a, b) is visible from the origin.
Let d = (a, b). We wish to prove that d = 1.
Suppose d > 1.
Then a = da’ and b= db'.
The lattice point (&, b") is on the segment joining (0,0) to (a, b).

This contradiction proves that d = 1.
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Mutual Visibility of Lattice Points (Cont'd)

o Conversely, assume (a,b) = 1.
Let (&, b') be a lattice point on the segment joining (0,0) to (a, b).
Then &’ = ta and b/ = tb, where 0 < t < 1.
Hence, t is rational.
So t = ¢, where r, s are positive integers with (r,s) = 1.
Thus,
sa’ =ar and sb = br.
Sos|ar, s| br.
But (s,r) =1,s0s]|a, s|b.
Hence s =1, since (a,b) = 1.
This contradicts the inequality 0 < t < 1.
Therefore, the lattice point (a, b) is visible from the origin.
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Density of Lattice Points Visible from Origin

@ There are infinitely many lattice points visible from the origin.
o It is natural to ask how they are distributed in the plane.
o Consider a large square region in the xy-plane defined by the
inequalities |x| < r and |y| < r.
o N(r) denotes the number of lattice points in this square;
o N'(r) denote the number which are visible from the origin.
!
@ The quotient ’X,T(r’) measures the fraction of those lattice points in the
square which are visible from the origin.
@ The next theorem shows that this fraction tends to a limit as r — oo.

@ We call this limit the density of the lattice points visible from the
origin.
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The Density Theorem

The set of lattice points visible from the origin has density %.

’
® We shall prove that lim, . i3 = 5.

—

The eight lattice points nearest the origin
are all visible from the origin.

By symmetry, N'(r) is equal to 8, plus 8
times the number of visible points in the
region {(x,y) :2<x<r,1 <y <x}.

+—1

This number is

N(r)=8+8 > Y 1=8Y ¢n)

2<n<r 1<m<n 1<n<r
(m,n)=1
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The Density Theorem (Cont'd)

o We have N'(r) =83, -, ¢(n).
Using a previous theorem,

3 24
/ _ 2 _ 2
N'(r)=8 (;r + O(rIogr)) =" + O(rlogr).
But the total number of lattice points in the square is
N(r) = (2[r] +1)% = (2r + O(1))® = 4r> + O(r).
So

N'(r) _ #r’+0(rlogr) _ &+ O(*&")
Ny~ 42+0() — 1+0(%)

- N(r) 6
Hence, as r — oo, we find N 7w
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A Probabilistic View of the Density Theorem

e We found
N'(r) 6

r|l>no10 N(r) w2’

@ This result is sometimes described by saying that a lattice point
chosen at random has probability % of being visible from the origin.

o Altenatively, if two integers a and b are chosen at random, the
probability that they are relatively prime is 2

w2
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Subsection 9

The Average Order of u(n) and of A(n)
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On the Average Order of p(n) and of A(n)

@ The average orders of u(n) and A(n) are considerably more difficult
to determine than those of ¢(n) and the divisor functions.
@ It is known that:
o u(n) has average order 0, i.e.,

1 )
L DD HIS
n<x
o A(n) has average order 1, i.e.,

. 1
Jim, = D> Ala) =1.

n<x
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Average Order of p(n) and of A(n) (Cont'd)

@ In the next chapter we will prove that both
lim — E
X—00 X a
n<x

and
lim — E A(n
X—00 X
n<x

are equivalent to the Prime Number Theorem,

im 7(x) log x

X—>00 X

=1,

where 7(x) is the number of primes < x.
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Subsection 10

The Partial Sums of a Dirichlet Product
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The Partial Sums of a Dirichlet Product

Partial Sums of a Dirichlet Product

Theorem

Suppose h = f x g and let H(x) = }_ ., h(n), F(x) =>_,-, f(n) and
G(x) =>_,<x&(n). Then we have

Hx) = > f(n)G (%) =Y g(n)F (%) .

n<x n<x

o We make use of the associative law relating the operations o and x.

Let
0, if0<x<1
U(X)‘{L if x > 1
Then F=fo U, G=golU. So we have
foG = fo(golU)=(fxg)oU=H,
goF = go(folU)=(gxf)oU=H.
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Consequence

Theorem
If F(x) = >_,<, f(n), we have

> 2 =3 L] =3 F ()

n<x d|n n<x n<x

o Take g, such that g(n) =1, for all n,

Then
G(x) = [x].

By the theorem,
Hx) =Y f(n)G (%) =Y e(n)F (%) .

This yields the conclusion.

George Voutsadakis (LSSU) Analytic Number Theory May 2024 57 /73



Averages of Arithmetical Functions | Applications to w(n) and A(n)

Subsection 11

Applications to p(n) and A(n)
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Sums Involving p(n) and A(n)

o We take f(n) = u(n) and A(n) in the preceding theorem.

For x > 1, we have

Zu(n) [ﬂ =1 and Z/\(n) [ﬂ = log [x]!.

n<x n<x

o By the preceding theorem,

anx u(n)[’—,;] = anx Zd|n /J’(d) = anx[%] =L
anx A(n)[)_,;] = anx Zd|n/\(d) = anx |0gn = IOg [X]|

Note: The sums in the theorem can be regarded as weighted averages
of the functions p(n) and A(n).
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Bounded Partial Sums for > @

Theorem

For all x > 1, we have
ZM <1,
n
n<x

with equality holding only if x < 2.

o If x < 2, there is only one term in the sum, p(1) = 1.
Assume that x > 2.

For each real y, let {y} =y — [y].
Then
1 = Zn<x (n)[%]
2nax (n)(5 = {5})
= X2n<x “(nn) anx /J’(n){)_,j}
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Bounded Partial Sums for > @ (Cont'd)

o We got
p(n) x
> um{T) =1
n<x n<x
But 0 <{y} <1
So we get
T p = 14 T, ({2}

S 1+Zn§x{%}
= 14+ {x}+> hcncx i’}
< 14+{x}+[x]-1

X.

Dividing by x, we obtain [ . @| <1
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Legendre's ldentity

Theorem (Legendre's Identity)

For every x > 1, we have

= T o,
pP<x
where the product is extended over all primes < x, and

or)=3 [ 2]

m
m=1 p

Note: The sum for a(p) is finite since [7] = 0, for p > x.
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Legendre's Identity (Cont'd)

o Recall that:
o A(n) =0 unless n is a prime power;
o A(p™) = log p.
So we have

IOg [X]| = anx A(n)[%]
= Zpgx Z?nozl[pim] |Og p
= D p<xa(p)logp,
where a(p) = Z‘,’no:l[Pim].

The last sum is also the logarithm of the product Hpr pP).
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Asymptotic Formula for log [x]!

If x > 2, we have

log [x]! = xlog x — x + O(log x).
Hence,

Z/\(n) [%] = xlogx — x + O(log x).

n<x

@ Recall Euler's summation formula
D f(n) = [ F(0)dt+ [ (¢ —[t])f'(t)de

y<n<x f(x)([x] = x) = F(y)([y] — y)-
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Asymptotic Formula for log [x]! (Cont'd)

e Taking f(t) = logt, we obtain

Y on<xlogn = 7 log tdt+f1Xt_—t[t]dt— (x — [x]) log x
= xlogx—x+1 —i—fft%[t]dt—i- O(log x).

Now note that

/1X t_—t[t]dt =0 (/1X %dt) = O(log x).

log [x]! = xlog x — x + O(log x).

Thus,

The second equation follows from

S A(n) m = log [x]!.

n<x
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Asymptotic Formula for Zpﬁx[%] log p

For x > 2, we have

X
Z {—] log p = xlog x + O(x),
p<n p

where the sum is extended over all primes < x.

@ Recall A(n) =0, unless n is a prime power.

Consequently, we have

Z[E}A(n)z;i[ =] A

n<x m=
pT<x
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Applications to p(n) and A(n)

Asymptotic Formula for 3 _ [*]log p (Cont'd)

o We obtained

> HICE S ElG:

p m:
pm

'Q'Hd

Now p™ < x implies p < x.
Moreover, if p > x, [25] =0

So we can write the last sum as

>3 [

p<x m=1

log p = ;[]Iogp-l—ZZ[ ]Iogp.

p<x m=2
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Asymptotic Formula for Zpgx[%] log p

o Claim: 37 . > o[27]log p = O(x).
We have

Zp<x IOg p Zm 2[ ] < Zpgx |ng Z(r)nO=2 pL’"
=5 Zpgx |Og p 23022(%),"

_ 1 1
= XX p<xlogp- 27T
P

_ _logp
= X Zp<>< p(p—1)

< xY0°, en — O(x).

n=2 n(n—1) —

Hence we have shown that >, [T]A(n) = >, [5]log p+ O(x).
Combined with > A(n)[2] = xlog x — x + O(log x), it proves the
theorem.

n<x
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Subsection 12

Another Ildentity for the Partial Sums of a Dirichlet Product
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Partial Sums

o We generalize the formula for the partial sums of Dirichlet products.

@ As before, we write

F(x)=> f(n), G(x)=> g(n), Hx) =D (f=g)n).

n<x n<x n<x

H) =Y f(d)e (2) = X F(d)ela)

n<x d|n

e So

qd7§x
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Another Identity for the Partial Sums of a Dirichlet Product

The Generalized Partial Sums Theorem

If a and b are positive real numbers, such that ab = x, then

=Y (6 (2) + D emF (3) - F(2)6(b).
q,d

n<a n<b
qd<x

@ The sum H(x) on the left is extended

over the lattice points in the hyperbolic
region shown in the figure.

We split the sum into two parts:

o One over the lattice points in AU B;
o The other over those in BU C.

The lattice points in B are covered 0 : el
twice.
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The Generalized Partial Sums Theorem (Cont'd)

o Consequently, we have:

Zf gla) = DY f(de(a)+>.> flde(q)

d<ag<y q<bd<*
qd<x B d;;bf g(q
= Z:f(j)z;g(qﬂzg(n)z;f(d)
”_—ad;fzj)n;)g(q)néb -
- ;f_(;)c(;ﬁ S 6(n)F() ~ FRIG)
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Remark
o Consider
> f(d)g(q) =
q,d
qd<x
o Take a=1.
Then
H(x)
o Take b=1
Then
H(x)

> (G (3) +D_sn)F () - F2)G(b).

n<a n<b

= YoemFE).

) +&(1)F(x) = F(x)G(1)
).

= 2 F(MG(
= 2k f(M)6(

31X 31X

@ These are the special cases proved previously.
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