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Integration

o A simple function f = )7 ; ajxE on a measure space (X, S, i) is
integrable if ;(E;) < oo, for every index i for which «; # 0.

o The integral of f, in symbols /f(x)d,u(x) or /fd,u is defined by

/fdu Za p(Ep).

o It follows easily from the additivity of p that if f is also equal to

> ir1 BixF;, then /fd,u = > 111 Biu(Fj), ie., that the value of the
integral is independent of the representation of f and is, therefore,
unambiguously defined.
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Integration

o We observe that:

o the absolute value of an integrable simple function,
o a finite, constant multiple of an integrable simple function,
o the sum of two integrable simple functions

are integrable simple functions.
Indeed, notice that, if f =31, aixe, & = > BixF,

af = Y Li(a)XE;
f+g = i1 a(ai+B)xEnF-
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Integration

o If E is a measurable set and f is an integrable simple function, then
the function xgf is an integrable simple function also.

If f =31, aixg, then xef = Y1 aiXEnE;-
o We define the integral of f over E by

/fd,u,z/XEfd,u,.
E

o So, using the notation above,

/fdﬂ = /XEfd,U
E

_ / S0, aixene dp
= Yl ap(ENE).
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Integration

o The simplest example of an integrable simple function is the
characteristic function of a measurable set E of finite measure.

/Edu = /XEdM = pu(E).

o In this subsection, we use the word “function” as an abbreviation for
“simple function.”

o All our definitions and theorems will make sense not only for simple
functions but also for the wider class of functions we shall consider in
later subsections.
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Integration

If f and g are integrable functions and « and (3 are real numbers, then

/(af-l—ﬁg)du:a/fdu-l—ﬁ/gdu.

o Suppose f =377 aixg and g = > 7 BiXF-
Then, we have
[(af +Bg)dpy = [3,; jnl(&&l + BBj)XEnFdp
Do = iL1(aai + BB;)U(E N Fj)
= 27_1 iy acip(Ei 0 F) +
doie1 2y BBiu(Ei N F)
= 0427:10“21’"1#(5 NF)+
B B >y n(Ei N Fj)
= aZ7z1aiM(E)+ﬁZJ_1ﬂju( 7)
= affdu+p [ gdp.
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Integration

If an integrable function f is non negative a.e., then [ fdu > 0.

o If f is a simple function, such that ¥ > 0 a.e., then

n m
f=> aixe + Y Bixs
i—1 =1

where a; >0, fj <0and pu(F))=0,=1,...,m.
Therefore, we get

[fp = S om(E)+ Xy Bu(F)
> ip(E) +0
0.

AV
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Integration

If f and g are integrable functions such that f > g a.e., then

/ fdu > / gdu.

o We get
f>gae iff f—g>0a.e.
implies [ (f — g)du >0
iff [ fdp— [gdp >0
iff [ fdp > [ gdp.
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Integration

If f and g are integrable functions, then

/ﬁ+mws/mw+/mm.

o We have [ |f +gldu < [(If| + |g))du = [|fldp+ [|g|dp.

If f is an integrable function, then

/fdﬂ‘ §/|f|dﬂ~

o Again, [fdu < [|f|ldp and [(—f)dp < [ |f|du. Combining, we get
Tl < < [ 1fida e | ] fdul < ] Fldp.
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Integration

If £ is an integrable function, a and (3 are real numbers, and E is a
measurable set, such that, for x in E, a < f(x) < f3, then

ap(E) < /Efdu < Bu(E).

o The assumption is equivalent to the relation

axe < xef < Bxe.

So the result follows from the third theorem if pu(E) < oo.

The case in which p(E) = oo is easily treated by direct application of
the definition of integrability.
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Integration

o The indefinite integral of an integrable function f is the set function
v, defined, for every measurable set E, by

V(E) = /E fd .

If an integrable function f is non negative a.e., then its indefinite integral
is monotone.

o If E and F are measurable sets, such that E C F, then xgf < xfpf
a.e.. The desired result follows from our third theorem.
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Integration

o A finite valued set function v, defined on the class of all measurable
sets of a measure space (X, S, i), is absolutely continuous if, for
every positive number ¢, there exists a positive number §, such that,
for every measurable set E,

u(E) <o implies |v(E)| <e.

The indefinite integral of an integrable function is absolutely continuous.

o If ¢ is any positive number greater than all the values of |f|, then, for
every measurable set E, we have | [ fdu| < cu(E).

So, given € > 0, take § = £.
Then, u(E) < < implies [V(E)| = | [¢ fdu| < c€ =e.

c
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Integration

Lemma

The indefinite integral of a characteristic function of a measurable set E is
countably additive.

o Let {E;}%°, be a collection of disjoint measurable sets.

Then, we have

v(UiE) = Jygxedn=nENU;E)
= wU(ENE)) =X, ENE)
= Z;fEiXEdN: ZIV(EI')'
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Integration

The indefinite integral of an integrable function is countably additive.

o Let f =37 ; ajxE be an integrable function, v its indefinite integral
and {F;}72; a collection of disjoint measurable sets.

Then, taking into account the Lemma, we have

W(UiF) = Jur (Clacixe)dn = 500 [y 5 xedp
= ZiaizjfijE,-dN: ZjZiaifFjXEid'“’
= /e (Cicixg)dn=3%; [¢ fdu
= Zj v(Fj).
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Integration

o If f and g are integrable functions, we define the distance p(f, g)
between them by the equation

p(f,g) = /If—gldu-

The function p deserves the name “distance” in every respect but
one:
o It is true and trivial that:
o p(f,f)=0;
o p(f,g) = p(g,f);
o p(f,g) < p(g, h)+ p(h, f);
o It is not the case that, if p(f,g) =0, then f = g.
The distance between two integrable functions can, for instance, vanish
if they are equal almost everywhere, but not necessarily everywhere.
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Integration

Subsection 2
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Integration

o We continue working with a fixed measure space (X, S, ) and
abbreviating “simple function” to “function”.

o A sequence {f,} of integrable functions is fundamental in the
mean, or mean fundamental, if

o(foy fm) " 2%0.

A mean fundamental sequence {f,} of integrable functions is fundamental
in measure.

o For fixed € > 0, set Epp = {x : |fa(x) — fin(x)| > €}. Then

p(fna fm) = /‘fn — fm|dﬂ > / ‘fn — fm|dﬂ > 6N(Enm)a
Enm

so that p(Emp) — 0 as n,m — oo.
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Integration

If {f,} is a mean fundamental sequence of integrable functions, and if the
indefinite integral of f, is v,, n=1,2,..., then v(E) = lim, v,(E) exists
for every measurable set E, and the set function v is finite valued and
countably additive.

n,m — oo

o Since [Up(E) — vm(E)| < [ |fa — fmldp "™ 7 0, the existence,
finiteness, and uniformity of the limit are clear. It follows, by finite
additivity of limits, that v is finitely additive. If {E,} is a disjoint
sequence of measurable sets whose union is E, then, for positive n, k,

W(E) = ity v(ED)| < [v(E) — va(E))|
+ |va(E) = iy val(ED)| + (Ui B) — v(UiZ; E)I-
The first and third terms of the right may be made arbitrarily small
by choosing n sufficiently large. For fixed n, the middle term may be
made arbitrarily small by choosing k sufficiently large. This proves
that v(E) = lime S5, v(E) = %0, v(E).
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Integration

o If {vp} is a sequence of finite valued set functions defined for all
measurable sets, we say that the terms of the sequence are uniformly
absolutely continuous if, for every positive number €, there exists a
positive number 0, such that, for every measurable set E and for
every positive integer n,

w(E) <o implies |vp(E)| <e.
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Integration

Theorem

If {f,} is a mean fundamental sequence of integrable functions, and if the
indefinite integral of f, is v,, n =1,2,..., then the set functions v, are
uniformly absolutely continuous.

o Let e> 0.
Since {f,} is mean fundamental, there exists a positive integer no,
such that, for all n,m > no, [ |fy — fm|ldp < 5.
Moreover, there exists § > 0, such that, for all n=1,..., ng and all
measurable E, u(E) < 6 implies [ |fpldu < §.
Now, suppose E is measurable, such that p(E) < 4.
o If n < ng, then [vp(E)| < [clfaldp < § <€
o If n > ng, then

€ €
|un(E)|s/|fn|dus/|fn—fno|du+/|fno|du<§+5=e.
E E E
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Integration

Theorem

If {f,} and {gn} are mean fundamental sequences of integrable simple
functions which converge in measure to the same measurable function f, if
the indefinite integrals of f, and g, are v, and A, respectively, and if, for
every measurable set E,

v(E) =limv,(E) and A(E)=IlimA,(E),
then the set functions v and \ are identical.

o Since, for every € > 0,

En = {x:[fa(x) — gn(x)| > €}
C {x () = FO) = 5 U{x: |f(x) — ga(X)| = 3},

it follows that lim, u(E,) = 0.
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Integration

For E measurable of finite measure, consider

/\fn—gn!dué/ !fn—gn\du+/ !fn\du+/ lgn|dp.
E E—E, ENE, ENE,

o The first term on the right is dominated by eu(E).
o The last two terms can be made arbitrarily small by choosing n
sufficiently large, by uniform absolute continuity.

So limp, |vn(E) — Ap(E)| = 0, and, hence, v(E) = A(E).

Since v and A are both countably additive, it follows that

v(E) = A(E), for every measurable set E of o-finite measure.

Since the f, and g, are simple functions, each of them is defined in
terms of a finite class of measurable sets of finite measure. If Eg is
the union of all sets in all these finite classes, then Ej is a measurable
set of o-finite measure. We have, for every measurable set E,

vn(E — Ey) = An(E — Ey) = 0, whence v(E — Eg) = M(E — Ep) = 0.
This implies that v(E) = v(E N Ey) and A\(E) = A(E N Ep).
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Subsection 3

George Voutsadakis (LSSU) Measure Theory



Integration

o An a.e. finite valued, measurable function ¥ on a measure space
(X, S, u) is integrable if there exists a mean fundamental sequence
{fn} of integrable simple functions which converges in measure to f.

o The integral of f, in symbols /f(x)d,u(x) or /fd,u, is defined by

/fd,u: Iim/f,,d,u.

o It follows by a preceding result, that the value of the integral of f is
uniquely determined by any particular such sequence.

o Moreover, the value of the integral is always finite.
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Integration

The absolute value of an integrable function f is integrable.

o Since f is integrable, there exists a mean fundamental sequence {f,}
of integrable simple functions, such that f, — f in measure.
Consider the sequence {|f,|}.

o It consists of integrable simple functions.
o It is a mean fundamental sequence, since

/”f""|fmlldu3/|fn—fm|du mre g
o It converges to |f| in measure, since

p({x 1) = 1F (I > €e}) < p({x 2 [falx) = F(x)] > €}) "==7 0.
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Integration

A finite constant multiple of an integrable function f is integrable.

o Let f be integrable and « a finite constant.
Since f is integrable, there exists a mean fundamental sequence {f,}
of integrable simple functions, such that f, — f in measure.

Consider the sequence {af,}.
o It consists of integrable simple functions.
o It is a mean fundamental sequence, since

n — oo
0.

/|aﬁ, — afp|du = |a| / |fy — Fnldp ™2
o It converges to af in measure, since

l(x: la) = af(| = ) = s ({x: 160 — 1001 2 5 1) =5
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Integration

The sum of two integrable functions f and g is integrable.

o Since f and g are integrable, there exist mean fundamental sequences
{fn} and {gn} of integrable simple functions, such that f, — f and
gn — g in measure.

Consider the sequence {f, + g, }-
o It consists of integrable simple functions.
o It is a mean fundamental sequence, since

[ 1+ = -+ gmlid < [ 16— fold+ [ lgn — gnld "0
o It converges to f + g in measure, since

{x 2 1(fa(x) + gn(x)) = (F(x) + 8()) = €} € {x : [fa(x) = F(x)] =
5U{x:|gn(x) —g(x)| > 5}, and, therefore

u({x = [(F(x) + 8n(x)) — (F() + 8(0)| > €}) < )
u({x  [£(x) = FG)1 > §3) + ul{x : lgn(x) — ()| > 8) "5 0.
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Integration

If £ is an integrable function, then f* and f~ are integrable.

o The results follows by the preceding results and the relations

1 1
[ = §(|f| +f) and ™ = §(|f| —f).
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Integration

o If E is a measurable set and if {f,} is a mean fundamental sequence
of integrable simple functions converging in measure to the integrable
function f, then it is easy to see that the sequence {xgf,} is mean
fundamental and converges in measure to xgf.

o We define the integral of f over E by

/fd,u:/XEfd,u.
E

o The theorems of the preceding subsections were stated for general
integrable functions but were proved for integrable simple functions
only.

Next, we complete their proofs.
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Integration

If f and g are integrable functions and « and (3 are real numbers, then

/(af-l—ﬁg)du:a/fdu-l—ﬁ/gdu.

o Let {f,} and {g,} be mean fundamental sequences of integrable
simple functions, such that f, — f and g, — g in measure.

Then, we have

[ (af +Bg)dp = lim, [ (afy + Bgn)dp
= alim, [ fodp+ Blim, [ ghdp
o[ fdu+ B [ gdp.
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Integration

If an integrable function f is non negative a.e., then [ fdu > 0.

o Let {f,} be a mean fundamental sequence of integrable simple
functions, such that f, — f in measure.

By switching to {|f,|}, if necessary, we may assume, without loss of
generality, that f, > 0, for all n.

Then [ fodu >0, for all n, and therefore,

/fdu = Iim/f,,d,u, > 0.
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Integration

If f and g are integrable functions such that f > g a.e., then

/ fdu > / gdu.

o We get
f>gae iff f—g>0a.e.
implies [ (f — g)du >0
iff [ fdp— [gdp >0
iff [ fdp > [ gdp.
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Integration

If f and g are integrable functions, then

/ﬁ+mws/mw+/mm.

o We have [ |f +gldu < [(If| + |g))du = [|fldp+ [|g|dp.

If f is an integrable function, then

/fdﬂ‘ §/|f|dﬂ~

o Again, [fdu < [|f|ldp and [(—f)dp < [ |f|du. Combining, we get
Tl < < [ 1fida e | ] fdul < ] Fldp.
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Integration

If £ is an integrable function, a and (3 are real numbers, and E is a
measurable set, such that, for x in E, a < f(x) < f3, then

ap(E) < /Efdu < Bu(E).

o The assumption is equivalent to the relation

axe < xef < Bxe.

So the result follows from the Comparison Theorem if p(E) < oo.

The case in which p(E) = oo is easily treated by direct application of
the definition of integrability.
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Integration

o The indefinite integral of an integrable function f is the set function
v, defined, for every measurable set E, by

V(E) = /E fd .

If an integrable function f is non negative a.e., then its indefinite integral
is monotone.

o If E and F are measurable sets, such that E C F, then xgf < xff
a.e.. The desired result follows from the Comparison Theorem.
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Integration

The indefinite integral of an integrable function f is absolutely continuous.

o Let {f,} be a mean fundamental sequence of integrable simple
functions which converges in measure to f.
We have, for every measurable set E,

/fdu‘ < /f,,du /f,,d,u,—/fd,u,‘.
E E E E

o The f, are simple functions. So, by uniform absolute continuity, the
first term on the right becomes arbitrarily small if the measure of E is
taken sufficiently small.

o The second term on the right approaches 0 as n — oo, by the
definition of [ fd .

+
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Integration

The indefinite integral of an integrable function is countably additive.

o Let {f,} be a mean fundamental sequence of integrable simple
functions which converges in measure to f.

If v, is the indefinite integral of f,, then, we know that
v(E) = lim, v,(E) exists for every measurable E and v is finite valued
and countably additive.

So, for every disjoint sequence of measurable sets {£;}7°,,

(U E) = limpua(lime Uiy E) = limg g vn(Uiy E)
= lima S va(E) = lime S8 (limy, va(E;))
= Y2 v(E).
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Integration

o A sequence {f,} of integrable functions is fundamental in the
mean, or mean fundamental, if

o(foy fm) " 2%0.

A mean fundamental sequence {f,} of integrable functions is fundamental
in measure.

o For fixed € > 0, set Epp = {x : |fa(x) — fin(x)| > €}. Then

p(fn; fm) = /|fn — fmldp > / |fn — fmldpe = ep(Enm),
Enm

so that p(Emn) — 0 as n,m — co.
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Integration

If {f,} is a mean fundamental sequence of integrable functions, and if the
indefinite integral of f, is v,, n=1,2,..., then v(E) = lim, v,(E) exists
for every measurable set E, and the set function v is finite valued and
countably additive.

n,m — oo

o Since [Up(E) — vm(E)| < [ |fa — fmldp "™ 7 0, the existence,
finiteness, and uniformity of the limit are clear. It follows, by finite
additivity of limits, that v is finitely additive. If {E,} is a disjoint
sequence of measurable sets whose union is E, then, for positive n, k,

W(E) = ity v(ED)| < [v(E) — va(E))|
+ |va(E) = iy val(ED)| + (Ui B) — v(UiZ; E)I-
The first and third terms of the right may be made arbitrarily small
by choosing n sufficiently large. For fixed n, the middle term may be
made arbitrarily small by choosing k sufficiently large. This proves
that v(E) = lime S5, v(E) = %0, v(E).
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Integration

o We shall say that a sequence {f,} of integrable functions converges
in the mean, or mean converges, to an integrable function f if

p(f,,,f):/|f,,—f|du =2 0.

If {f,} is a sequence of integrable functions which converges in the mean
to f, then {f,} converges to f in measure.

o Forany € >0, set E, = {x : |fo(x) — f(x)| > €}.
Then
/‘fn — fldp > / |fo — fldu > eu(Ey).
En

So u(E,) =5 0.
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Integration

If £ is an a.e. non negative integrable function, then a necessary and
sufficient condition that [ fdy =0 is that f =0 a.e..

o If f =0 a.e., then the sequence each of whose terms is identically
zero is a mean fundamental sequence of integrable simple functions
which converges in measure to f. It follows that [ fdu = 0.

To prove the converse, we observe that, if {f,} is a mean fundamental
sequence of integrable simple functions which converges in measure
to f, then we may assume that f, > 0, since we may replace each f,
by its absolute value.

The assumption [ fdp = 0 implies that lim, [ f,dp =0, i.e., that
{f,} mean converges to 0. It follows by the preceding theorem, that
{fa} converges to 0 in measure. By a preceding result, f =0 a.e..

George Voutsadakis (LSSU)



Integration

If f is an integrable function and E is a set of measure zero, then
Je fdp = 0.

o By definition, [ fdu = [ xgfdp.
But the characteristic function of a set of measure zero vanishes a.e..

Hence, the result follows from the preceding theorem.
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Integration

If £ is an integrable function which is positive a.e. on a measurable set E
and if [ fdpu =0, then p(E) = 0.

o We write:

Fo = {x:f(x)>0}
F, = {x:f(x)z%}, n=12,....

Since the assumption of positiveness implies that E — Fg is a set of
measure zero, it suffices to show that E N Fy is one also.
But we have:

o Fo=U;2; Fos

0 0< %M(En F,) < fEﬂFn fdu = 0.

Therefore, u(E N Fo) <> o2, w(ENF,) =0.
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Integration

If f is an integrable function such that f,_- fdy = 0, for every measurable
set F, then f =0 a.e..

o Let E = {x:f(x) > 0}.
By hypothesis, [ fdp = 0.
Therefore, by the preceding theorem, E is a set of measure zero.

Applying the same reasoning to —f shows that {x : f(x) < 0} is a set
of measure zero.

Hence, f =0 a.e..
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Integration

If £ is an integrable function, then the set N(f) = {x : f(x) # 0} has
o-finite measure.

o Let {f,} be a mean fundamental sequence of integrable simple
functions which converges in measure to f.

For n=1,2,..., N(f,) is a measurable set of finite measure.

Let E = N(f) — ;2 ; N(fp) and F a measurable subset of E.
We have [ fdu = lim, [ fodp = 0.

By the preceding theorem, f =0 a.e. on E. Thus, u(E) =0.
Now we have N(f) C J;2; N(f,) UE.
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Integration

o If f is an extended real valued, measurable function such that f > 0
a.e. and if f is not integrable, then we write [ fdy = co.

o We may define [ fdp, for the class of all extended real valued
measurable functions f for which at least one of the two functions f*
and f~ is integrable:

/fdu:/f+du—/f_du.

o Since at most one of the two numbers [ fdu, [f~du is infinite,
the value of [ fdyu is always +co, —o0, or a finite real number.

o We make free use of this extended notion of integration, but we apply
the adjective “integrable” only to functions that are integrable in the
sense of our former definitions.
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Subsection 4
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Integration

If {f,} is a mean fundamental sequence of integrable simple functions,
which converges in measure to the integrable function f, then

p(f,f,,):/]f—f,,]du =3 0.

Hence, to every integrable function f and to every positive number ¢,
there corresponds an integrable simple function g, such that p(f, g) < e.

o For any fixed positive integer m, {|f, — |} is a mean fundamental
sequence of integrable simple functions which converges in measure to
|f — fm|. Therefore, [ |f — fin|dp = lim, [ |fy — fr|dp. The fact that
the sequence {f,} is mean fundamental implies the desired result.
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Integration

If {f,} is a mean fundamental sequence of integrable functions, then there
exists an integrable function f, such that p(f,,f) — 0 (and, consequently,
[ fadp — [ fdp) as n — oco.

o By the preceding theorem, for each positive integer n, there is an
integrable simple function g,, such that p(f,, gn) < L |t follows that
{gn} is a mean fundamental sequence of integrable simple functions.
Let £ be a measurable (and therefore integrable) function such that
{gn} converges in measure to f. Then

0 < |ffndﬂ*ffd:u|§f|fn*f|d:u’
= p(fa, ) < p(fn, ) + p(gn, f)-

Now the desired result follows from the preceding theorem.
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Integration

o A finite valued set function v on a class E of sets is continuous from
above at 0 if, for every decreasing sequence {E,} of sets in E, for
which lim, E,, = 0, we have lim, v(E,) = 0.

o If {v,} is a sequence of such finite valued set functions on E, we shall
say that the terms of the sequence are equicontinuous from above
at 0 if, for every decreasing sequence {E,} of sets in E, for which
lim, E, = (), and for every positive number ¢, there exists a positive
integer mo, such that if m > mg, then |v,(Ey)| <€, n=1,2,....
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Integration

A sequence {f,} of integrable functions converges in the mean to the
integrable function f if and only if {f,} converges in measure to f and the
indefinite integrals of {f,}, n=1,2,..., are uniformly absolutely
continuous and equicontinuous from above at 0.

o We prove first the necessity of the conditions. Convergence in
measure and uniform absolute continuity follow from preceding
results. So, it suffices to show equicontinuity.

The mean convergence of {f,} to f implies that, to every positive
number ¢, there corresponds a positive integer ng, such that if n > ng,
then [|f, — fldu < §. Since the indefinite integral of a non negative
integrable function is a finite measure, it follows that such an
indefinite integral is continuous from above at 0.
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o To every positive number ¢, there corresponds a positive integer ng,
such that if n > ng, then [|f, — f|du < 5.
By continuity from above at 0 of the indefinite integral of a non
negative integrable function, if {E,} is a decreasing sequence of
measurable sets with an empty intersection, then there exists a
positive integer mg, such that, for m > mg, fE |fldp < 5 and
fEm|f,,—f|d,u< S.n=1...,no.
Hence, if m > mg, then we have

/|fn|dus/ |fnf|du+/ [Fldi <
m Em Em

for every positive integer n. This is exactly the desired equicontinuity.
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o A countable union of measurable sets of o-finite measure is a
measurable set of o-finite measure. So Eg = oo {x : fp(x) # 0} is
such a set.

Suppose {E,} is an increasing sequence of measurable sets of finite
measure such that lim, E, = Ey. If F, = Eg — E,, n=1,2,..., then
{Fn} is a decreasing sequence and lim, F, = 0. By equicontinuity, for
every 0 > 0, there exists an integer k > 0, such that [ |f,|du < g.
Consequently,

/|fmfn|d,u§/ |fm|d,u+/ |fpldp < 0.
Fr Fi Fy

For fixed € > 0, write Gpp = {x : |[fm(x) — fa(x)| > €}. Then

fEk |fm — faldp < fEk—Gmn |fm — faldp + fEkﬂGmn |fm — foldp
< ep(Ei) + fEmen | — fald .
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o We got

o= fldp < en(B)+ [ Ifn— fldp.

Ex ExNGpmn

By convergence in measure and uniform absolute continuity, the
second term on the right may be made arbitrarily small by choosing m
and n sufficiently large. Hence, limsup,, , fEk |fm — faldp < ep(Ex).

Since € is arbitrary, it follows that lim, , fEk | — faldp = 0. But

S = foldp = f[;‘o|fm*fn|d'u
= fEk]fm—f,,\du—l—ka\fm—f,,]du.

So limsup,, , [ |fm — faldp < & and, since 4 is arbitrary,

limmn [ |fm — faldu = 0. lLe., {f,} is fundamental in the mean. By
our second theorem, that there exists an integrable function g such
that {f,} mean converges to g. Since mean convergence implies
convergence in measure, we must have f = g a.e..
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If {f,} is a sequence of integrable functions which converges in measure to
f (or else converges to f a.e.), and if g is an integrable function such that
|fa(x)] < |g(x)| a.e., n=1,2,..., then f is integrable and the sequence
{f,} converges to f in the mean.

o Suppose {f,} convergences in measure. The given inequality ensures
that the indefinite integrals of {f,} are uniformly absolutely
continuous and equicontinuous from above at 0. The conclusion now
follows from the preceding theorem.

Suppose, next that {f,} converges a.e.. Assume, without loss of
generality, that |f,(x)| < |g(x)| and |f(x)| < |g(x)|, for every x in X.
Then, for every e >0,

nr—U{X fi(x) — f(x)| = e} C {x: |g(x)[ =

1.

N
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o We have, for all ¢ > 0,

- €
B = [l 100 — F0)1 2 €} € {x: ()| 2 5.
Therefore, p(Ep) < oo, n=1,2,....
Since {f,} converges a.e., u((,—; En) = 0.
By one of our earlier results, lim, u(E,) = p(lim, E,).
Now we get

limnsuw({x Hfa(x) = F()] = €}) < lim p(Ep) = p(lim E,) = 0.

Thus, convergence a.e., together with being bounded by an integrable
function, implies convergence in measure.

So we can rely on the preceding case.
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Subsection 5
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If f is measurable, g is integrable, and |f| < |g| a.e., then f is integrable.

o Consideration of the positive and negative parts of f shows that it is
sufficient to prove the theorem for non negative functions f.
o If f is a simple function, the result is clear.
o In the general case, there is an increasing sequence {f,} of non
negative simple functions such that lim, f,(x) = f(x), for all x in X.
Since 0 < f, < |g|, each f, is integrable. The desired result follows
from the bounded convergence theorem.
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If {fo} is an increasing sequence of extended real valued non negative
measurable functions and lim, f(x) = f(x) a.e., then lim, [ fodu = [ fdpu.

Q

Q

If f is integrable, then the result follows from the bounded
convergence theorem and the preceding theorem.

The only novel feature of the present theorem is its application to the
not necessarily integrable case: We must show that if [ fdu = oo,
then lim,, [ f,du = oo, i.e., that, if lim, [ f,du < oo, then f is
integrable. From the finiteness of the limit we may conclude that
limm.n| [ fmdu — [ fadp| = 0. Since £, — £, is of constant sign, for
each fixed m and n, we have | [ findp — [ fodp| = [ |fm — foldu, so
that the sequence {f,} is mean convergent. Therefore, by a preceding
result, it mean converges to an integrable function g. But mean
convergence implies convergence in measure, and therefore a.e.
convergence for some subsequence. So f = g a.e..
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A measurable function is integrable if and only if its absolute value is
integrable.

o The new part of this theorem is the assertion that the integrability of
|f| implies that of f.

This follows from the first theorem, with |f| in place of g.
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If f is integrable and g is an essentially bounded measurable function, then
fg is integrable.

o If |g| < c ae, then |fg| < c|f| ae.
By hypothesis and the preceding theorem, fg is integrable.

If f is an essentially bounded measurable function and E is a measurable
set of finite measure, then f is integrable over E.

o The characteristic function of a measurable set of finite measure is an
integrable function.
The result follows from the preceding theorem with xg and f in place
of f and g.
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Theorem (Fatou's Lemma)

If {f,} is a sequence of non negative integrable functions for which
liminf, [ fodp < oo, then the function f, defined by f(x) = liminf, f,(x),
is integrable and [ fdp < liminf, [ fodpu.

o Let gh(x) =inf{fi(x): n < i< o0}.
o gn < fo
s {gn} is increasing.

Since [ gndp < [ fodp,

Iim/g,,d,u, < Iiminf/f,,d,u, < 00.

But lim, gn(x) = liminf, fy(x) = f(x).
So, by the second theorem, f is integrable and

/fdu= Iim/g,,dug Iiminf/fndu.

George Voutsadakis (LSSU) Measure Theory



	Integration
	Integrable Simple Functions
	Sequences of Integrable Simple Functions
	Integrable Functions
	Sequences of Integrable Functions
	Properties of Integrals


