
EXAM 2 - CSCI 341 Friday, October 12

YOUR NAME: George Voutsadakis

Read each problem very carefully before starting to solve it. Each problem is worth 10

points. It is necessary to show all your work. Correct answers without explanations are

worth 0 points. GOOD LUCK!!

1. (a) The sets A and B have the same cardinality if, by definition,

(b) A set A is countably infinite if, by definition,

(c) The set has cardinality greater than |A|.

(d) Give a bijection f : N → S, where S is the set of all strings over A = {a} that have odd
length. (You do not have to prove that it is a bijection.)

(e) Prove that the set A = {1

2
, 1
3
, 1
4
, 1
5
, . . .} is countably infinite.

Proof:

(f) The statement “If a set A is countably infinite and there exists an injection f : A → B,
then B is countably infinite” is

Proof:



2. (a) Give an inductive definition of the set A = {3k + 5 : k ∈ N}.

Basis:

Induction:

(b) Give an inductive definition of the set C of all lists of odd length over A = {a, b}.

Basis:

Induction:

(c) A set is defined inductively as follows:

Basis: 1 ∈ S;

Induction: If x ∈ S, then 1 + 1

x
∈ S.

Write at least seven of the elements to give a flavor of S:

S = { , , , , , , , . . .}.

(d) Give an inductive definition of the set

A = {4, 7, 10, 12, . . .} × {3, 9, 27, 81, . . .}.

Basis:

Induction:

(e) Write an inductive definition of K = {a2n : n ∈ N} ∪ {b3n+2 : n ∈ N}.

Basis:

Induction:

(f) Consider the following set S of strings over alphabet A = {a, b}:

S = {x ∈ {a, b}∗ : x has the same number of a’s and b’s}.

The statement “S is defined by the following inductive definition:

Basis: Λ ∈ S;

Induction: If x ∈ S, then abx, bax, axb, bxa ∈ S.”

is

Proof:



3. (a) Give a recursive definition of the function length : {a, b}∗ → N, defined by

f(x) = the length of x, for all x ∈ {a, b}∗.

Basis:

Recursion:

(b) Give a recursive definition of the function dist : A× Lists[B] → Lists[A×B], defined by

dist(a, 〈b1, b2, . . . , bn〉) = 〈(a, b1), (a, b2), . . . , (a, bn)〉.

Basis:

Recursion:

(c) Give a recursive definition of a function ins : R× Lists[R] → Lists[R] that is is supposed
to operate as follows: Upon taking a real number x and a list L of real numbers that
is ordered in decreasing order, it is supposed to insert x in the list and output a new
ordered list with the numbers still in decreasing order. To resolve conflicts the function
inserts duplicates on the left of already existing ones.

Basis:

Recursion:



(d) Give a recursive definition of the function Apply : (N → N)×Lists[N] → Lists[N], defined
as follows:

Apply(f, 〈x0, x1, . . . , xn〉) = 〈f(x0), f(x1), . . . , f(xn)〉.

Basis:

Recursion:

(e) In this part, you may use, if you decide it is convenient to do so, the function Apply that
you defined in Part (e), in the spirit of incrementally building computer code by reusing
previously defined functions and procedures.

Give a recursive definition of the function

SpecApply : (N → N)× Lists[N] → Lists[N], defined as follows:

SpecApply(f, 〈x0, x1, . . . , xn〉) = 〈x0, f(x1), f(f(x2)), f(f(f(x3))), . . . , f
n(xn)〉.

Note that f i(x) denotes i-fold composition of f with itself and not i-th power.

Basis:

Recursion:



4. (a) A grammar is a tuple G = 〈N,T, S, P 〉, where:

(i) N is

(ii) T is

(iii) S is

(iv) P is

(b) Let G = 〈N,T, S, P 〉 be the grammar given in our adopted shorthand notation as follows

R → AB

A → Aa|a
B → Bb|Λ

Give formally each of the four components of the grammar:

(i) N =

(ii) T =

(iii) S =

(iv) P =

(c) The statement “The grammar S → a|SbS is ambiguous” is

Proof:

(d) Give a grammar for the language {ambn : m,n ∈ N, n > 0}.

(e) Give a grammar for the even palindromes over {a, b, c}.

(f) Give a grammar for the language {anbcn : n ∈ N}∗.



5. (a) The powerset P({1, 2}) = { };

(b) The powerset P({0, 1, 2}) = { };

(c) Every element in P({1, 2}) “gives rise” to two elements in P({0, 1, 2}). Describe in which
way this happens.

(d) Use the Principle of Induction to prove that the following property P (n) holds for all
n ∈ N:

P (n) : 1 + 3 + 32 + 33 + · · · + 3n =
1

2
(3n+1 − 1).

Basis:

Induction Hypothesis:

Induction Step:

(e) (In this part use for your benefit Part (c). Recall Zn = {0, 1, . . . , n − 1}.)

Use the Principle of Induction to prove that the following property P (n) holds for all
n ∈ N:

P (n) : |P(Zn)| = 2n.

Basis:

Induction Hypothesis:

Induction Step:


